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1. Introduction

We prove existence of small amplitude quasi-periodic solutions for completely
resonant forced nonlinear wave equations like

Uy _vxx+f(wlt’ v) =0

v(t, x) = v(t, x + 2m) (1.0

where the nonlinear forcing term
flot,v) = a(o,)v** ' + 0(w*), d>1,deNT

is 27/w,-periodic in time. We shall consider the following two cases:

A) the forcing frequency w, € @Q;
B) the forcing frequency o, € R\Q.

The existence of periodic solutions for completely resonant forced wave
equations was first proven in the pioneering articles Rabinowitz (1967, 1971) (with
Dirichlet boundary conditions) if the forcing frequency is a rational number (w, = 1
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in Rabinowitz, 1967, 1971). This requires to solve an infinite dimensional bifurcation
equation which lacks compactness property; see Brezis and Nirenberg (1978), Coron
(1983), and Berti and Biasco (2005, to appear) and references therein for other results.
If the forcing frequency is an irrational number, the existence of periodic solutions
has been proven in Plotinikov and Yungermann (1988) and McKenna (1985): here the
bifurcation equation is trivial but a “small divisors problem” appears.

To prove the existence of small amplitude quasi-periodic solutions for
completely resonant PDEs like (1.1) one generally has to deal with a small divisor
problem as well; however, the main difficulty is to understand from which solutions
of the linearized equation at v =0,

Uy = Uy = 0’

quasi-periodic solutions branch-off: such linearized equation possesses only
2n-periodic solutions ¢, (t+ x) +¢g_(t —x) where ¢q,(-), g_(-) are 2m-periodic
(completely resonant PDE).

Here is the main difference with regard to (w.r.t) nonresonant PDEs for which
a developed existence theory of periodic and quasi-periodic solutions has been
established, see e.g., Kuksin (2000), Wayne (1990), Craig and Wayne (1993), Poschel
(1996), and Bourgain (1998) and references therein.

For completely resonant autonomous PDEs, existence of periodic solutions has
been proven in Lidskif and Shul'man (1988), Bourgain (1999), Bambusi and Paleari
(2001), Berti and Bolle (2003, 2004, to appear), Gentile et al. (2005), and Gentile and
Procesi (2006), and quasi-periodic solutions with 2-frequencies have been recently
obtained in Procesi (2005, Preprint) for the specific nonlinearities f = u® + O(u°).
Here the bifurcation equation is solved by ODE methods.

In this article we prove the existence of quasi-periodic solutions with two
frequencies w;, w, for the completely resonant forced equation (1.1) in both cases:
Case A) : o, € Q; Case B): o, € R\Q.

The more interesting case is w, € Q@ (Case A) when the forcing frequency w,
enters in resonance with the linear frequency 1. To find out from which solutions of
the linearized equation quasi-periodic solutions of (1.1) branch-off, it is required to
solve an infinite dimensional bifurcation equation which cannot be solved in general
by ODE techniques (it is a system of integro-differential equations). However,
exploiting the variational nature of equation (1.1) like in Berti and Bolle (2003,
2004), the bifurcation problem can be reduced to finding critical points of a suitable
action functional which, in this case, possesses the infinite dimensional linking
geometry (Benci and Rabinowitz, 1979).

1.1. Main Results

We look for quasi-periodic solutions v(z, x) of equation (1.1) of the form

:v(t, x) = u(w,t, wyt + x) (1.2)

u(ey + 2kim, @y + 2kym) = u(@y, ¢5), Vky ky €Z

with frequencies
o= (0, 0,) = (0,1 + &),

imposing the frequency w, = 1 + ¢ to be close to the linear frequency 1.
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Writing 0, — d,, = (06, — 0,) o (6, + 0,) we get
[a), 0y, + (0, — 1)6%] o [a)]&pl + (v, + 1)8¢2]u + fle,u) =0 (1.3)
and therefore
[wf&il + (w3 — 1)64202 + 20,050, 0, |u(¢) + f(@,, u) = 0. (1.4)
We assume that the forcing term f: T x R — R
fl@r,u) = ary_ (@)™ + 0W?), deN*t, d>1
is analytic in u but has only finite regularity in ¢,. More precisely,
H) fle,u) =1, a(e)u*, d e N*, d>1 and the coefficients
a.(¢,) € H'(T) verify, for some r>0, 377, | |ailmr* < oco. The
function f(¢,, u) is not identically constant in ¢,.

We look for solutions u of (1.4) in the Banach space!

H,, = {u(go) =Y et iy =0, and |ul,, =Y |yl (1] < +oo},

lez? lez?

where [[,] := max{|,],1} and ¢ > 0, s > 0.
The space #, , is a Banach algebra with respect to multiplications of functions
(see Lemma 4.1 in the Appendix), namely

ul’ uZ € %a,s - ulu2 € %a,s and |ulu2|0,s E C|u1|a,s|u2|a,s‘
We shall prove the following theorems.

Theorem A. Let o, =n/m € Q. Assume that [ satisfies assumption (H) and
ayy (@) #0, Vo, € T. Let B, be the uncountable® zero-measure Cantor set

B, = {8 € (—&y, &) : |} + &by > ;, Vi, 1, € Z\{O}},

Y
|1,
where 0 <y < 1/6. .

There exist constants ¢ >0, s> 2, € >0, C >0, such that Ve € B, lely~! <

g/m?, there exists a classical solution u(g, ¢) € #, 5 of (1.4) with (w;, ,) = (n/m,

1 + &) satisfying
L —m’|g]
u(e, @) — e[ q.(p)| = C—"

5.3 N

|e| 7@ (1.5)

!Given z € €, z* denotes its complex conjugate.
*The proof that %, N (0, &) and B, N (—&, 0) are both uncountable Ve, > 0 is like in
Bambusi and Paleari (2001).
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for an appropriate function g, € #, \{0} of the form g,(¢) = q,.(¢;) +q_(2me, —
ne,).

As a consequence, equation (1.1) admits the quasi-periodic solution v(e, t, x) :=
u(e, o t, x + w,t) with two frequencies (w,, w,) = (n/m, 1+ €) and the map t —
v(e, t,-) € H?(T) has the form®

2 "
oo 0) = o T [g. G54 (1 000 471 = =) = 0 el 5.
Yy

HAT)

At the first order the quasi-periodic solution v(e,t, x) of equation (1.1) is
the superposition of two waves traveling in opposite directions (in general, both
components ¢,, ¢g_ are nontrivial).

The bifurcation of quasi-periodic solutions looks quite different if w, is
irrational.

Theorem B. Let ®, € R\Q. Assume that [ satisfies assumption (H),

2n
Iy arg 1 (@))de, # 0 and f(@,, u) € H(T), s > 1, for all u.
Let €, C D = (—&, &) x (1,2) be the uncountable zero-measure Cantor set*

w Y
(e.o)eD:o ¢Q,— ¢ Q, |ol +el| > ——n,
W, |11|+|lz|

@, = . (L6)

v y
|CU111 + (2+ 8)l2| > m, Vll, lz S Z\{O}

Fix any 0 <5 <s—1/2. There exist positive constants &, C, >0, such that,
V(e, ) € €, with |e|y™! <& and afozn ary_1(@)de, > 0, there exists a nontrivial
solution u(e, @) € #; 5 of equation (1.4) with (v, w,) = (w;, 1 + &) satisfying

u(e. ¢) e, ()| < T el (17
5.3 y

for some function q.(¢,) € H°(T)\{0}.

As a consequence, equation (1.1) admits the nontrivial quasi-periodic solution
v(e, t, x) := u(e, ot, x + w,t) with two frequencies (v, w,) = (w,, 1 + &) and the
map t — v(e, t,-) € H*(T) has the form

we, 1, %) = o] TG, (v + (14 2)n)| =0y |e ).
H(T)

Remark 1. Imposing in the definition of €, the condition w,/w, = w;/(1 +¢) € Q@
we obtain, by Theorem B the existence of periodic solutions of equation (1.1). They
are reminiscent, in this completely resonant context, of the Birkhoff-Lewis periodic
orbits with large minimal period accumulating at the origin, see Bambusi and Berti
(2005) and Berti et al. (2004).

Remark 2 (Non Existence). In Theorem B, existence of quasi-periodic solutions
could follow by other hypotheses on f, see Remark 3. However, the hypothesis

*We denote H(T) := {u(p) = Yz €' 2 it = it_, lul oy == Xiez |iye”"! < 400}
4See Lemma 3.1.
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that the leading term in the nonlinearity f is an odd power of u is not of purely
technical nature. If f(¢,, u) = a(e,)u? with D even and fozn a(e,)de; # 0, then,
VR > 0 there exists &, > 0 such that Vo > 0,5 > s — 1/2,¥(e, »,) € €, with |g| < &,
equation (1.4) does not possess solutions u € 7, ; in the ball |ul,; < R|e|"/P~D, see
Proposition 3.

To prove Theorems A and B, instead of looking for solutions of equation
(1.4) in a shrinking neighborhood of zero, it is a convenient devise to perform the
rescaling

u— du with § := |g|!/?@~D

enhancing the relation between the amplitude 6 and the frequency w, =1+ &.
We obtain the equation

Fou+ef(e,u,0)=0 (1.8)
where, see (1.3),

Ly = [wla§0l + s(’ﬁ%] ° [wla% +C2+ 8)6%]
= [} +20,0,,0,,) + e[+ )32, +20,0,,0,,]

P17 P2
and
: [l 0u) _
f(‘P]a u, 5) = Slgn(s)w = Slgn(s)(GZd_l((pl)UZd ! + 5a2d(<p1)u2d =+ - )
(1.9)
and sign(e) := 1 if w, > 1 and sign(e) := -1 if w, < 1.

To find solutions of equation (1.8) we shall apply the Lyapunov-Schmidt
decomposition method which leads to solve separately a “range equation” and a
“bifurcation equation”.

In order to solve the range equation (avoiding small divisor porblems) we
restrict & to the uncountable zero-measure set %, for Theorem A, respectively
(g, »,) € €, for Theorem B, and we apply the Contraction Mapping Theorem;
similar nonresonance conditions have been employed, e.g., in Lidskii and Shul'man
(1988), Bambusi and Paleari (2001), Berti and Bolle (2003, 2004), McKenna (1985),
and Procesi (2005).

To solve the infinite dimensional bifurcation equation we proceed in different
ways in Case A) and Case B).

As already said, in Case A) we follow the variational approach of Berti and
Bolle (2003, 2004) noting that the bifurcation equation is the Euler-Lagrange
equation of a “reduced action functional” which turns out to have the geometry
of the infinite dimensional linking theorem of Benci-Rabinowitz (Benci and
Rabinowitz, 1979). However, we cannot directly apply the linking theorem because
the reduced action functional is defined only in a ball centered at the origin (where
the range equation is solved). Moreover, the infinite dimensional linking theorem
of Benci and Rabinowitz (1979) requires the compactness of the gradient of the
functional, property which is not preserved by extending the functional in the whole
infinite dimensional space.
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In order to overcome these difficulties, we perform a further finite dimensional
reduction of a Galerkin type inspired to Berti and Bolle (to appear) on a subspace
of dimension N, with N large but independent of ¢, see the equations (2.3)—(2.5).

We shall have to solve the (2.4)—(2.5) equations in a sufficiently large domain
of g, (Lemma 2.3), consistent with the |-|,1 bounds on the solution ¢, of
the bifurcation equation that can be obtained by the variational arguments, see
Lemma 2.6.

Another advantage of this method is that allows to prove the analyticity of the
solution u in the variable ¢,.

In Case B) the bifurcation equation could be solved through variational
methods as in Case A). However, there is a simpler technique available. The
bifurcation equation reduces, in the limit € — 0, to a super-quadratic Hamiltonian
system with one degree of freedom. We prove the existence of a nondegenerate
solution by phase-space analysis. Therefore, it can be continued by the Implicit
Function Theorem to a solution of the complete bifurcation equation for & small.

The article is organized as follows. For simplicity of exposition, we first prove
Theorem A in the case w; = 1. We deal with the general case w; = = € Q at the
end of Section 2. In Section 3 we prove Theorem B.

2. Case A:m, €@

Equation (1.8) becomes, for w; =1,
Fou+ef(er,u,6) =0, 2.1)
where
&£, = [8«,1 + 86%] o [@F1 +2+ s)é‘pz]

= [0 +20,,0,,] +e[2+#)d;, +20,0,]=Lo+eL,.
To fix notations we shall prove Theorem A in the case a,,_;(¢,) > 0 and & > 0,
ie., sign(e) = 1.
By the assumption (H) on the nonlinearity f and by the Banach algebra
property of #, , the Nemitskii operator

1
u— fley,u,0) € C*(B,, #,,), 0<s< 3

where B, is the ball of radius pd~'in %,  and p is connected to the analyticity radius

r of f (note that since a,(¢,) € H'(T), then a,(-) € #,,, Yo > 0,0 < 5 < 1/2).
Equation (2.1) is the Euler-Lagrange equation of the Lagrangian action

functional ¥, € C'(#, ;, R) defined by

e2+¢)

W, () = /T 2 %(a% ) + (04,100 10) + =

+8(0,,u)(0,,u) — eF(¢y, u, 6)

(0, 1)

= Y, (u) + el'(u, 9),
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where F(g,, u, 0) == [’ f(¢,, &, 6)d¢ and

Wy (u) = /T 2 %(a% ) + (2,,10)(2,,u),

T, §) = fw (242“9)

(6%14)2 + (0, u) (04, u) — F(@y, u, 9).

To find critical points of W, we perform a variational Lyapunov—Schmidt reduction
inspired by Berti and Bolle (2003, 2004), see also Ambrosetti and Badiale (1998).

2.1. The Variational Lyapunov—Schmidt Reduction

The unperturbed functional W, : #, ; — R possesses an infinite dimensional linear
space Q of critical points which are the solutions ¢ of the equation

Lyg = 6<P1 (a% + 26‘Pz)q =0.

The space Q can be written as

0= {CI =Y g e, |q=0"forl(l+2,)# 0}'

leZ?

In view of the variational argument that we shall use to solve the bifurcation
equation, we split Q as

Q=Q+®Q0@Q7

where’

0,={qeQ:q=0forl¢ A} ={q, :=q,.(p,) € Hj ()}
0, = {q) € R}
0 ={qeQ:g=0forl¢A_}={q_ :=q Q¢ —¢,),q_() € Hy*(T)}

and
A ={leZ*:1,=0,1#0}, A_:={eZ:1,+2,=0,1#0}. (2.2)
We shall also use in Q the norm

|‘I|§11 = |Q+|§1l(n)+qg+|q7|zl(]r) ~ Z 2112(|l|2+1)-
leA_U{OJUA

*Hg(T) denotes the functions of H?(T) with zero average. H”*(T) := {u(p) =
Yjez We" ;= iy, |ulgosiry = Yiez 1y < 400} and Hy*(T) its functions with zero
average.
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We decompose the space #, , = Q @ P where

P:= {P = Pt e Hos|py=0for ;2L +1,) = O}-

leZ?

Projecting equation (2.1) onto the closed subspaces Q and P, setting u =g+ p €
#,, with ¢ € Q and p € P, we obtain

Li[q] + Ty f(e1, g+ p,0) =0 (Q)
Zpl + ellpf(@1, g+ p,0) =0 (P)

where I, : #, , — Q, Il : #, — P are the projectors respectively onto Q and P.

In order to prove analyticity of the solutions and to highlight the compactness
of the problem we perform a finite dimensional Lyapunov-Schmidt reduction,
introducing the decomposition

Q=Q1®Q2,

where

0= O\(N) = {q= Y 46t Q}, 0, = 0y(N) = {q= 3 46t Q}.

=N >N

Setting ¢ = g, + g, with ¢, € Q, and ¢, € Q,, we finally get

Lilg)]+ Uy [fle1, ¢ + ¢+ p, 0)]| =0 = d¥,(u)[h] =0 VheQ, (Q) (2.3)
Li[q]+ 1y [f(e1.q1 + ¢+ P, 0)] =0 = d¥,()[h] =0 VheQ, (Q,) (24)
Zelpl + ellp[f(@r, a1 + g2+ p, 0)] = 0 <= dV,(u)[n] =0 VheP (P) (2:5)

where 11, : #, ; — Q, are the projectors onto Q, (i =1, 2).

We shall solve first the (Q,)-(P)-equations for all |gq|; < 2R, provided e
belongs to a suitable Cantor-like set, || < g,(R) is sufficiently small and N > N,(R)
is large enough (see Lemma 2.3).

Next we shall solve the (Q,)-equation by means of a variational linking
argument, see Subsection 2.4.

2.2. The (Q,)-(P)-Equations

We first prove that &, restricted to P has a bounded inverse when & belongs to the
uncountable zero measure set

B, = {s € (—¢&y, &) : |} + &by > |/
2

6]
where 0 <y < 1/6. 9%, accumulates at zero both from the right and from the left,
see Bambusi and Paleari (2001).

The operator &, is diagonal in the Fourier basis {¢', [ € Z*} with eigenvalues
D= (I, + e))(l, + 2+ &)1y).

VI, 1, € Z\{O}},
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Lemma 2.1. For & € 9B, the eigenvalues D, of £, restricted to P, satisfy
|D)| = [l + eb| [(1, +21,) + ely| >y VI, #0, 1, +21, #0.
As a consequence, the operator £, : P — P has a bounded inverse ;" satisfying

Moy

a,s — Y

Vh € P. (2.6)
Proof. Denoting by [x] the nearest integer close to x and {x} = x — [x], we have
that D, > 1 if both | # —[el,] and I, 4+ 21, # —[el,]. If I, = —[el,] then

2
||

In the same way, if I, + 21, = —[el,] we have |D,| > ﬁ(|2lz| —{el,}) = y. O

D) = = (12L] = {el}) = 7.

Lemma 2.2. The operator L, : Q, — Q, has bounded inverse L' which satisfies

hl,,
_ Il (2.7)

’Lfl[h] a,s — N2 :

Proof. L, is diagonal in the Fourier basis of Q : ¢¥ with [ € A, U {0} U A_ (recall
(2.2)) with eigenvalues

d=Q2+¢&B ifl;,=0 and d,=(-2+¢)5 ifl, +2,=0. (2.8)
The eigenvalues of L, restricted to Q,(N) verify |d,| > (2 — &)N? and (2.7) holds. O

Fixed points of the nonlinear operator 6 : Q, & P — Q, @ P defined by

Gy, pr @) = (L7 Uy, f(@1. @1 + ¢ + p. 6). =2, 1L f(¢1. 41 + g, + p. 9))

are solutions of the (Q,)—(P)-equations.
Using the Contraction Mapping Theorem we can prove the following lemma.

Lemma 2.3 (Solution of the (Q,)-(P) Equations). VR > 0. There exist an integer
Ny(R) € N* and positive constants €,(R) > 0, Cy(R) > 0 such that:

Viglm <2R, VeeB,, |ely' <g(R), VN=Ny(R):0<0N <1; (2.9)

there exists a unique solution (q,(q,), p(q,)) = (¢:(¢, N, q,), p(e, N, q;)) € O, ® P of
the (Q,)—(P) equations satisfying

Gy(R)
N2

|g2(2, Ny g5, < o p(es Nog)l,, < Co(R)lely™ (2.10)

Moreover, the map q, — (¢,(q,), p(q,)) is in C'(Byg, Q, ® P) and

Go(R)

1P/ (@) [h]los < CoBNely™ Nhlpr,  laa(q)[h]l, < e

|hl,p Vhe Q. (2.11)
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Proof. See the Appendix. O

2.3. The (Q,)-Equation

Once the (Q,)-(P)-equations have been solved by (g,(q;), p(q,)) € Q, @ P, there
remains the finite dimensional (Q,)-equation

Li[gi] + 1y, fler, a1 + q2(q) + p(q)), ) = 0. (2.12)

The geometric interpretation of the construction of (g,(g,), p(q,)) is that on the
finite dimensional submanifold Z = {q, + ¢,(q;) + p(q,) : |¢;| < 2R}, diffeomorphic
to the ball

By == {q, € Q) : |qi|; < 2R},

the partial derivatives of the action functional ¥, with respect to the variables (g,, p)
vanish. We claim that at a critical point of W, restricted to Z, also the partial
derivative of ¥, w.r.t. the variable ¢, vanishes and therefore that such point is
critical also for the nonrestricted functional ¥, : #, . — IR.

Actually, the bifurcation equation (2.12) is the Euler—Lagrange equation of the
reduced Lagrangian action functional

D, y:Byr CO — R, @ (q):="Y(q +q(q)+ plq)).

Lemma 24. ®,_, < C'(Byz. R) and a critical point q, € By, of ®, y is a solution of
the bifurcation equation (2.12). Moreover, ®, \ can be written as

@, (@) = const + e(T(ay) + 1, 1(4) @1
where
2+¢ 2d
Moy = [ 250,00 + 0000000~ ar (e

Ro (@) = [ Flo1. 1.6 =0) = Flgy. i + 0:(4)) + play). )

31 g ax(a) + p(ar), )axla) + plgy)

and, for some positive constant C,(R) > C,(R),

1
Fenla] = @R (0 + 16l + 1) C14)
1
a0 lh]] = G (64 1ot + 5 il Vhe QL 219
Proof. See the Appendix. a

The problem of finding nontrivial solutions of the (Q,)-equation is reduced to
finding nontrivial critical points of the reduced action functional ®,  in By.



Quasi-Periodic Solutions 969
By (2.13), this is equivalent to finding critical points of the rescaled functional
(still denoted @, , and called the reduced action functional)
2d

@) =T + () = (s0) = [ o (@0 )+ Runlad. 216)
T

where the quadratic form

A(q) = f]rz @(amq)z + (&qu)(a@q)

is positive definite on Q,, negative definite on Q_, and zero-definite on Q,. For
g9 =4+ + 490+ 4q- €0y,

o o_
M) = 51(q, + g+ a-) = b(q,) + 5(q-) = S-las b = S la- (2.17)

for suitable positive constants «,, «_, bounded away from zero by constants
independent of .
We shall prove the existence of critical points of ®, y in B, of the “linking

type”.

2.4. Linking Critical Points of the Reduced Action Functional ®, y

We cannot directly apply the linking Theorem because ®, , is defined only in the
ball B,,. Therefore, our first step is to extend ®, y to the whole space Q.

Step 1.  Extension of ®, . We define the extended action functional (AISS,N €
C'(Q;, R) as

D, v(q1) :==T(q)) + Re n(q1),
where ?jis,,\, 10, — Ris

|Q1|%11

Tt = it )t
and 1 : [0, 400) — [0, 1] is a smooth, nonincreasing, cut-off function such that

{Mx) =Ukd=1 <1

AMx)=0 |x| >4

By definition &38,1\, =&, yonB,:={q €0, :|q|mn <R}and &%,N = I" outside By.
Moreover, by (2.14) and (2.15), there is a constant C;(R) > C,(R) > 0 such that
Vigilm < 2R

ot = R (4 Iob + 35 (.19)

1 o (anlh] < C5(R) (5 el + %)wm, vheo. (219
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QO Q,

Figure 1. The cylinder W~ and the sphere S* link.

In the sequel we shall always assume
0 = !
CG;(R)| o+ |ely +ﬁ <L
Step 2. (T)E’N verifies the geometrical hypotheses of the linking Theorem (see
Figure 1).

Lemma 2.5. There exist e-N-y-independent positive constants p, ®, r|, r, > p, and
0 < £,(R) < gy(R), N,(R) > N,(R) such that, V¥|g|y™! < £,(R), YN > N,(R)

() D, n(q) = >0, Vg €5 :={g, € 0N Q. : gl = p),
(i) ®, v(q1) < /2, Yq, € OW™ where W~ is the cylinder

W™= {511 =qy+q_+ret, g+ ‘]—|H1 <r.qg €0 NQ ,q R, rel0, ”2]}
and e, := cos(¢p,) € QN Q,. Note that p, w are independent of R.

In what follows, x;, k. will denote positive constants independent on R, N,
g, and 7.

Proof. (i) Vg, € Q;NQ, with |g,|; = p < R we have

2d
I~ q
B, 0(0,) = D, () = 90(g,) = [ a2 1(01) 55 + Teon(42)
T2 2d

o 1
> %pz — i p* — <5 +|ely™t + W)Q(R)' (2.20)

Now we fix p >0 small such that (x, p*/2) — Kk p* > o, p*/4. Next, for (5+
lely™ + N"2)C5(R) < o, p?/8 we get by (2.20)

@, v(qy) > %pz =0 >0, Vg €0, nNQ" with|q.|=p.
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(1) Let
By = {q =g+ q_ +re, with [go+q_|p <r,q- € O, NQ_} C W™
B,:={q =qy+q_ +re, with |go+q_|;n=r,q €0, NO_,rel0,n]} CoWw"

and choose r, r, > 2R. For ¢, = qy+ q_+re, € ByUB,

o) = Ta)) = 51(a) = [ an (@0 (a0 + g+ re )™

(g0 +q_ +re )™

2d

o
= _7|‘L|§11 + risl(e,) — /]rz azg_1 (1)
< —a;|q |21 +r2&¢(e ) — oc/ (qo+q_+re )2d (2.21)
= 2 —Ig + pes 0 — +

because a,,;_,(¢,)/2d > o > 0. Now, by Holder inequality and orthogonality

v

Kz(/w(% +q + ”e+)2>d

d
([ )

i5(q5 + Vz)d > 1;5(q5" + )

f (q0+q_ +re)™
'II‘Z

v

and by (2.21) we deduce

~

o
D, (g +q_ +re) =< (K+"2 - ’C3”2d) - <7|61|iﬂ + K3‘I§d>'
Now we fix r, large such that «, 73 — x;73? < 0 and therefore
EDS,N(q]) <K, —Kkyry' <0 Vg € B.

Next, setting M := max, | (i, 7% — x3r°¢), we fix r, large such that

rel0,r;
o_
7|‘1—|§11 +r3qy" = M Vg + qo| =1y

and therefore
~ o_
D, N(q) =M — <7|Q—|§11 + K3‘I§d> <0 Vq, €B,.

Finally, if ¢, = q_ + g,
= @ | =
Pon(a) = (g) = [ as (@) T+ Fonla)

< Ron(a)] < GRS+ |ely™ +N72) (2.22)

and so @, y(g,) < /2 if Cy(R)(0 + ||y~ + N2) < /2. 0
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We introduce the minimax class
F:={YyeC(W-,0)|y=1d on oW~ }.

The maps of & have an important intersection property, see, e.g.,
Proposition 5.9 of Rabinowitz (1986).

Proposition 1 (St and W~ Link with Respect to &).
Ve = yW)nst#£n.
Define the minimax linking level

Ty = inf max &, v (4(q,))-

Yes qe

By the intersection property of Proposition 1 and Lemma 2.5(i),

max @, y(¥(q) = min B, \(q) =0 >0 VyeF
q eV ’ q St ’

and therefore,
FHeon > > 0.
Moreover, since Id € & and (2.18)
oy = Max @, (q)) = max (Na) + en(9))

< max (Slach o+ Sla b [ i) #1250 < b 23)
T

qewW-

where %, is independent of N, &, y since the constants r|, r, in the definition of W~
are independent of N, &, .

We deduce, by the linking theorem the existence of a (Palais—Smale) sequence
(g;) € O, at the level 7, y, namely

gId)e,zv(qj) = Fens &);,N(%‘) — 0. (2.24)

Step 3. Existence of a nontrivial critical point. Our final aim is to prove that the
Palais-Smale sequence g; converges, up to subsequence, to some nontrivial critical
point g, # 0 in some open ball of Q; where ®, , and ®, , coincide.

Lemma 2.6. There exists a constant R, > 0, independent on R-g-N-y, and functions
0 < &(R) < &/(R), Ny(R) = N,(R) such that for all |g|y™' < &,(R), N = Ny(R) the
functional @, \ possesses a nontrivial critical point q, € Q; with critical value
q)s,N(él) = Z‘7{¢9,N’ satisfying |él|H| = R*
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Proof. Writing &)S,N(q) =1(q) + 97{&,\,((1) we derive, by (2.18) and (2.19)

Banla) = 58.n(@)la] = 10) ~ 57 10) + (Fon(a) - 570(0)la))

1 1 ~ 1~,
= (5 - ﬁ) /'11'2 adel(QDl)qu‘d + <%€,N(qj) - 59{3,1\/(%)[%])

1 1 2d -1 -2
> o5 - 5g) L= @+ Ieb™ £ NG,
Therefore, by (2.23) and (2.24),
oo + 1+ qjlp, = 1) /IZ qu'd = k1175 (2.25)

We also deduce, by (2.25), the Holder inequality, and orthogonality,

N

Koo + 1+ 1q)ln, = Kz(/]l_z (44, + a0, +a-;) )
d
=1 /]r B a ) = )

and therefore,

90,1 < ra(1+ |q1‘|H|)1/2d' (2.26)

By (2.18) and (2.19), and the Holder inequality,

B(g)las,) = bl = | an (@ g+ (g)la )

v

gyl — rslqe il /w g, = @+ 77 el + NC(R)lgy ln,

K6|q+,j|H1(|q+,j|H1 - |q;‘ igziil - 1)~ (2.27)

v

By (2.27) and (2.25), using that &3; ~(g;) — 0 and simple inequalities, we conclude

(d—1)/2d
g1 ilm, < K7(1+|q/' H, )

Estimating analogously 213; v(@)lq- ;] we derive

(2d-1)/2d
|q—,j|H1 §K8(1+|Qj H, )

and by (2.26) we finally deduce

1/2d 2d—1)/2d
191, = 190,11 + 105 1, + la_jla, < wo(1+ g1 + g, "2).

We conclude that |g;|,;, < R, for a suitable positive constant R, independent of &,
N, R, and 7.
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Since Q, is finite dimensional g; converges, up to subsequence, to some
critical point g, of @, y with |g,|, < R,. Finally, since ®, y(q;) = #, y = © > 0, we
conclude that g, # 0. |

We are now ready to prove Theorem A in the case w, = 1.

Proof of Theorem A for o; = 1. Let us fix
R:=R,+1 andtake |g|y”' <&, (R):=¢&

Set N := N,(R) > Ny(R).
Applying Lemma 2.3 we obtain, for

1
Ny(R)

0<o<

a solution (¢,(q,), p(q1)) € (Q>(N) ® P) N %,s of the (Q,)—(P) equations V|411|H. =
2R. By Lemma 2.6, the extended functional ®, v(q,) possesses a critical point g; # 0
with [g]y, < R, < R. Since EJS,N(ql) coincides with ®, ,(q;) on the ball By we get,
by Lemma 2.4, the existence of a nontrivial weak solution g, + ¢,(¢,) + p(q,) € %, ,
of equation (2.1). Finally,

u=el"*V[G + (@) + p@)] = el V[g, + p(a)]

solves equation (1.4).

The solution ¢, := q, + CIz(%) of the (Q)-equation belongs to Q N, ., by the
regularizing properties of L', see in Lemma 2.2 formula (2.8).

Since p := p(q,) solves

(“2 +2(1+€)d, d,,)p = —¢e[(2+ 8)5¢2p + I, f(@, u,0)] €#,, VO<o' <a
(2.28)

and the eigenvalues of éfol +2(1+¢)o restricted to P satisfy, for & € 3,

(31 a<P2

|4
2[L,|

and we deduce that p € #,, ., for all 0 < ¢” < ¢’ and |0, p
again by (2.28),

|LI(L +20) + 82L]| = 9 VI, +20,#0, I,#0

s = O(lg|y™"). Now,

P p=—2(1+¢)d,d

@

0,00, P 8[(2 + 8)02213 + I, f(e,, u, (5)] eH;, VO<a<da
Therefore p € #;,,, and |p|; .., = O(|e]y™"). (1.5) follows with 5 := s +2 > 2.

By (1.2), the function v(e, t, x) = u(e, t, x + (1 4+ €)¢t) is a solution of equation
(1.1) with @, = 1. The frequency w, =1+¢ ¢ @ since ¢ € B,. To show that
v(e, t, x) is quasi-periodic it remains to prove that u depends on both the variables
(¢, @,) independently.

We claim that g, € O, ® Q_, i.e. q+(g02) € 0,\{0}, and therefore u depends on
¢,. Indeed by Lemma 2.6 we know that CIDS v(@) > o> 0and |g|ym < R. On the
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other hand, by (2.22) in Lemma 2.5 CAI58,N(q, + q) < w/2, for all |g_ + qol;m <R,
so that necessarily ¢, € Q, @ O_.
We claim that any solution u of (2.1) depending only on ¢,, namely solving

2+ e)u" (@) + fler, u(gy), 6) =0, (2.29)

is u(¢p,) = 0. Indeed, by definition,

=)

8N flpu.0) = flgr 0w = Y ay(e)on)’

k=2d—1

(recall sign(e) = 1). Consider now a smooth zero mean function g(¢;) such that
fozn a(¢;)g(@,) # 0 for some k (recall that by assumption (H) some of the a,(¢,)
are not constant). By (2.29) we have

2n 2n
Q2+ o) (@) / 2(e))de, + / fler, u(@,), 5)g(@))de, =0,

which implies, by the assumption (H) on f,

> loute) [ aile)s(e)de =0 (:30)

k=2d—1

The function G(z) := Y1,  bz* with b, := fozn a,(¢)g(¢,)de, is a nontrivial
analytic function. Therefore equation (2.30), i.e., G(ou(¢,)) =0, cannot have a
sequence of zeros accumulating to zero. So, for ¢ small enough, u(¢,) = 0. O

Proof of Theorem A for any Rational Frequency o, = =- € Q. Consider now equa-
tion (1.8) with @, = n/m where n, m are coprime integers.
The space Q, formed by the solutions of d,, (%%l + 2(’)%)(] = 0 can be written as

0= {q = q,e"* € #, 1 q =0 for l;(nl; +2ml,) # 0}
1e7?

and is composed by functions of the form

4(¢) = q.(¢2) + q_2me; — ne,) + g.
Let P the supplementary space to Q and perform the Lyapunov-Schmidt

decomposition like in (2.3)—(2.5).
For ¢ in the Cantor set B,, the eigenvalues

D, = (311 n alz) (ﬁzl 2+ 812>
m m

of the linear operator &, can be bounded, arguing as in Lemma 2.1, by

|(nl, + emly)(nl; + 2ml, + eml,)| 0

|D)| = 5 =5 Vi #0, nly+2mly # 0.

m
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As a consequence,

m?|h]

|2, '[h]| < ——=, VheP,
0,8 ,y

and, in solving the (Q,)-(P) equations as in Lemma 2.3, we obtain the new
restriction

R
el < 2B s ww)
m

and the bound (compare with (2.10)) [p(q,)l,, < Co(R)|e|y~'m?.
The corresponding reduced action functional has again the form (2.13)—(2.16)

with the different quadratic part

o o_
sh(q)) = t(q, +qo+q_) = l(q,) + A(q_) = flm = n27|q7|21

and therefore it will still possess a linking critical point g, € Q,.
To prove the bound (1.5) note that the eigenvalues of w%@il +2w,(1 + €)d,, 0,
(wy = n/m) restricted to P satisfy, for e € %,

o1, (nl, 4+ 21,m) + €2l,m - ||y

. Vol +2mly #0, 1, #0

m = 2|l,|m?

and therefore p € #, .., and |p|; ., = O(|e|m*/w}y). O

3. CaseB:w; ¢ Q

We now look for solutions of equation (1.8) when the forcing frequency w, is an
irrational number.

To fix notations, we shall prove Theorem B when f02" ayy_1(¢)de, > 0 and
therefore ¢ > 0, i.e. sign(e) = 1.

Fixed 0 <5 < s —1/2, the Nemitskii operator u — f(¢;,u,d) € C*(B,, #,5)
since, if a;(¢,) € H*(T), then a,(-) € #,;, Yo > 0,0 <5 <s—1/2.

For £ = 0, equation (1.8) reduces to

@0, (0,04 +20,,)g =0 (3.1
and its solutions ¢ form, by the irrationality of w,, the infinite dimensional subspace
Q:={qe,;:0,q=0}={q=q(p,) € H ()} (32

To find solutions of (1.8) for & # 0, we perform a Lyapunov—Schmidt reduction
and we decompose the space

%J,EZQQBP»
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where Q = H°(T) and

P:= {p: S pe® e, | p=0for =0}.

leZ?

Projecting equation (1.8) onto the closed subspaces Q and P, setting u =g+ p €
#,5 with g € O, p € P we obtain

2+e)g+1,[f(e1,q+p,0)]=0 (Q) (3.3)
Zolpl + ellp[f(e1, g+ p,6)] =0 (P) (3.4)

where ¢ = éfozq, I, : #,; — Q is the projector onto Q,

1 2n
(HQ"‘)(%) = %/0 u(ey, @)de;,

and I, = Id — Q is the projector onto P.

We could proceed now as in the previous section performing a finite
dimensional reduction and applying variational methods. However, in this case, the
infinite dimensional (Q)-equation can be directly solved by the Implicit Function
Theorem in a space of analytic functions.

For this, it is useful to consider the parameter & (and & = §*?~V) in the right-
hand side of (3.4), as an independent parameter § =7, € = n*“~Y, and to solve the
equation

L[pl + 1L f(@r. g+ p.m)] =0 (P,) (3.5)

for (e, ) in the Cantor set ‘€, and for all n small. In this way we highlight the
smoothness of the solution p(y, €, -) of the (P,)-equation (3.5) in the variable 7.

3.1.  Solution of the (P,)-Equation

We first prove that the operator &, : P — P has a bounded inverse when (&, »,)
belongs to the Cantor set €, defined in (1.6).

Lemma 3.1. For any &, > 0 the Cantor set G, is uncountable.
Proof. Consider the set € of couples x,, x, € %, such that

x€(-e,6), ne(l+e,2-¢6), 1+xn¢Q x—x¢Q,
where &, = g,/2. € is an uncountable subset of R? since for all x, € B, the
conditions x; £ x, ¢ Q exclude only a countable set of values x,. The lemma follows
since €, contains Y~1€ where  : (e, w;) — (g/w,, (2+ &)/w,) is an invertible map

for (g, w,) € (—¢&g, &) x (1, 2). |

The operator &, has eigenvalues D, = (w1, + &l,) (w1, + 21, + &l,).
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Lemma 3.2. For (e, w,) € €, the eigenvalues D, of &, restricted to P satisfy
D] = [(o]y + ely) (1 + 2L, + el,)| > 7, VI, #0. (3.6)

As a consequence, the operator ¥, : P — P has a bounded inverse ' satisfying

EZ v | = T Vp € P. (3.7)

Proof. Estimate (3.6) is trivially satisfied if —I; # ﬁlz and —/, # %‘Blz. Now, if
—ly = [£L]. then |2+ &), + )| > |2+ &), — ely| — 5 > |,5]. Therefore, using
|1, + &ly| > 7/|L,|, we get (3.6). The same estimate (3.6) holds if —I, = [Z£1,]

o

since, in this case, |ol| + el,| > |2+ €)l, — &ly| — 1 > |1,]. a
Fixed points of the nonlinear operator G : P — P defined by
G(n, p) =~ VL W, f(e1 g + o)
are solutions of the (P,)-equation.

Lemma 3.3. Assume (&, ) € €,. YR > 0 there exists ny(R), C,(R) > 0 such that
Y|glgeary < R 0 <y~ < no(R), with ¢ = 1/2(d — 1), there exists a unique p(1, q) €
PN, solving the (P,)-equation (3.5) and satisfying

pr\n, q g5 — ~0 n _'}7_ .
P01, @)lo5 < Co(RPDy™! (3.8)

and the equivariance property

P, 40) (@1, ©2) = p(1, @)(@1, 9 — 0), YO €T (3.9)
where qy(@y, ;) 1= q(¢,, ¢, — 0). Moreover p(-,-) € C'((0,1,(R)) x Q: P).

Proof. See the Appendix. O

3.2. The (Q)-Equation

Once the (P,)-equation has been solved by p(y, g) € P there remains the infinite
dimensional bifurcation equation

2+ e)g+y[f(e1, g+ p(n, ), n)] = 0. (3.10)

Recalling (1.9), the (Q)-equation (3.10) evaluated at # = 0 reduces to the ordinary
differential equation

2+e)g+ <azd—1>q2d_1 =0, (3.11)

2n
where (ay,_,) := (1/2n) fo ary_1(@1)do,.
Equation (3.11) is a superlinear autonomous Hamiltonian system with one
degree of freedom and can be studied by a direct phase-space analysis.
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Lemma 3.4. There exists ¢ > 0 such that, equation (3.11) possesses a 2m-periodic,
analytic solution q(¢,) € H°(T). Moreover, g(¢,) is nondegenerate up to time
translations, i.e., the linearized equation on q

Q+e)h+Q2d—1){ay VG Ph=0 (3.12)
possesses a one-dimensional space of 2m-periodic solutions, spanned by §.
Proof. Up to a rescaling, equation (3.11) can be written as ¥ = —V’(x) with

potential energy V(x) := x>¢. All solutions of such system are analytic and periodic
with period

v

T(E)_4/Ed L_Mg%—%/lL
b SE= 0 21— x27)

The equation T(E) =2n has a solution g(¢,) which is in H?(T) for some
appropriate ¢ > 0. The nondegeneracy of the corresponding 2zn-periodic solution
follows by

dT 1 1_3 1 dx
— =2{=-—-1|Euw™2 | ———— #0
dE (d ) /o V2(1 = x2) 7
and the next proposition proven in the Appendix. O

Proposition 2. Suppose the autonomous second order equation —% = V'(x), x € R,
possesses a continuous family of nonconstant periodic solutions x(E, t) with energy

. . .. .. dT(E) ;
E and period T(E) satisfying the anysocronicity condition =~ # 0. Then x(E, 1) is
nondegenerate up to time translations, i.e., the T(E)-periodic solutions of the linearized
equation

—h = D*V(x(E, 1))h (3.13)

form a one dimensional subspace spanned by (0,x)(E, t).
From now on, we fix R := |g|,+ + 1 in Lemma 3.3 and take 0 < 777 < 5y(R).
By Lemma 3.4 and (3.9), we can construct solutions of the infinite dimensional

bifurcation equation (3.10) by means of the Implicit Function Theorem.

Lemma 3.5. There exist 0 <, <ny(R), C, >0 such that for all 0 <ny= <wn,,
equation (3.10) has a unique (up to translations) solution g,(¢,) € H°(T) satisfying

|Gy — qluzery < Cilnl.

Proof of Theorem B. Setting again 6 =7, and calling (by abuse of notation)
3.(¢,) + p(e, g,) solves (1.8) and

u(e, ) = le] Vg, () + p(e. g,)]

is a nontrivial solution of (1.4). The bound (1.7) follows by (3.8). As in Theorem A,
the solution u depends on both the variables (¢,, ¢,). Finally, the solution
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v(e, t, x) i= u(e, wyt, x + w,t) of (1.1) is quasi-periodic since, by the definition of €,,
/o, = /(1+6) ¢ Q. g

Remark 3. To prove existence of solutions of (1.8), i.e., (1.1), it is sufficient that
the second order equation (3.11) possessess a continuous, nonisocronous family of
nonconstant periodic orbits one of them having period 27/, see Proposition 2.

The hypothesis that the leading term in the nonlinearity f is an odd power of
u is not of technical nature: the following nonexistence result holds.

Proposition 3 (Nonexistence). Let  f(¢, u) = a(¢)u® with D even and

foh a(e))de, #0. YR > 0, there exists &y, >0 such that Yo >0, 5> 5> —%,

V(e, w) € €, with |e| < &, equation (1.4) does not possess solutions u € ¥, ; in the
ball |ul,; < R|e|"/®D.
Proof. We first rescale equation (1.4) with u — |&|"/®~Dy obtaining

FLou+ |ela(e))u’ = 0. (3.14)

Write any solution u, € B, ;(R) :={u € #,;: |u|,; < R} of (3.14) as u, = g, + p,

with ¢, € Q, p, € P. p, satisfies the (P)-equation £, p + |e|[llpa(p,)u”® =0 and

therefore |p,|,; < C(R)|g|. Then, for & small enough, p, = p(e, q,) where p(e, g,) is

constructed as in Lemma 3.3 and satisfies the estimate |p(e, ¢,),5 < C|s||qg|ggm).
The projection ¢, satisfies the (Q)-equation

(2 + &)4, + sign(e)glale)) (g, + p(e. 4.))°] = 0, (3.15)

and therefore |g,|yo2) < C(R).

We claim that g, — 0 in H°(T) (and so in #,;) for £ — 0. Indeed, from
any subsequence g,, we can extract by the compact embedding H%*(T) — H°(T)
another convergent subsequence ¢, such that g, — g € H°(T). By (3.15), we
deduce that

24 + sign(e)(a)g” = 0,

where (a) := fozn a(e,)de, # 0. Such equation does not possess nontrivial periodic
solutions for both sign(e) = %1, i.e.,, ¢ > 0 and ¢ < 0, and we conclude that g = 0.

We finally prove that equation (3.15) does not possess nontrivial periodic
solutions in a small neighborhood of the origin.

Linearizing equation (3.15) at ¢ =0 we get (2+ £)h =0 whose solutions in
H°(T) are the constants. We can perform another Lyapunov-Schmidt reduction
close to zero decomposing H°(T) = {constants} & {zero average functions}, namely,
q. = p + w. By the Implicit Function Theorem we get that for any constant |p| < p,
small enough (independently of &) there exists a unique zero average function w,
with |w,|yeq = O(p”) solving

2+ &)iv, + [a(e)(p +w, + p(e. q.)” — (ale)(p + w, + p(e. ¢,))")] = 0.
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Hence p is such that
0= {a(e)(p+w, + p(e, 4.))°) = (a)p” + o(p”).
This implies p = 0 since (a) # 0 and so g, = p + w, = 0. a
4. Appendix
Lemma 4.1. %, , is a Banach algebra for o, s > 0.

Proof. By the product Cauchy formula,
uw =7y ( > ujkvk>eij'“’
jez? \kez?

and therefore,

|”U|a,x = Z eg‘m[]'l]s Z Ui (V| = Z ealm[jl]s Z |Mj7k| vl

jez? keZz? jez? kez?
= Z || Z |uj—k|ea‘j2|[jl]s
keZ? jez?
< 2 Y |yl k! Y |Mj—k|ea‘jrk2‘[jl =k =2, vl
keZ? jez?
since e?l2l < e?l2=kaleolhal and [,] < 2[j, — k,][k,] for all k, j € Z>. O

Proof of Lemma 2.3. Let us consider

B:= {(q27 p) € QZ@P: |q2|a,s = P1s |p|o',s = pZ}

with norm |(q,, p)|,., = %l + |Pl,,- We claim that, under the assumptions (2.9),
there exists 0 < p,, p, < 1, see (4.6), such that the map (q,, p) = 6(¢,, p; q,) 1s a
contraction in B, i.e.,

(1) (42, p) € B=> (¢, pi q1) € B, and o o
(D) 1%(q2, ps q1) — (425 D3 a)os < (1/2)(q25 P) — (@25 P)loss V(@25 D), (@2, P) € B.
In the following x; will denote positive constants independent on R, N, and ¢

(i.e., on ¢ := |g|/2U=D),
By (2.7) and the Banach algebra property of #,

161 (02, P @)os = |LT' Ty f(@1. g1 + 42+ . )

a,s

o P, (4.1

Kl _
~z (I A 7

provided that 0 < 6 < 6,(R). Similarly, for & € %,, by (2.6),

16:(q25 3 1) o5 = |83);IHPf(§D1, 9+ 4+ P, 5)|M
rolely ™ (la o +1al2s ' + 1Pl (4.2)

IA
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For all ¢, € Q;(N) and since 0 < s < 1/2

lgiles = D |210,zz|€(r|12| + |@7212,12|€U|12|[_212]S

|L|=N

IA

e™ 3 NGo.s | 418211, (=251

|L|<N

K3[<ZEN|%JZ 2[12]2>]/2<12ﬁ>1/2

12 1 12
+( Z |?1_212,/2|2[12]2> ( Z m) ]
li|=N e [12]

Kyl 4.3)

IA

IA

whenever 0 < oN < 1.
Substituting in (4.1)-(4.2), we get ¥|q |1 < 2R, V|qs|, < o1, Y|Plos < 02
161 (g2, D5 @) |5 < KsNT2(R*™ + p1*=! 4 p3471) (4.4)
162(q20 Py @) lgs < Kslely™ (R¥7H 4 p}¢=" 4 p3¢71) . 4.5)

Now, setting Cy(R) := xsR*~!, we define

__2Cy(R)

pri="m = 20el T G(R). (4.6)

By (4.4) and (4.5), there exists N,(R) € N* and &,(R) > 0 such that VN > N,(R) and
Viely™' < &(R)

161(q25 P @)os < 01> 162(q25 P5 @)ss < 02

proving (i). Item (ii) is obtained with similar estimates.

By the Contraction Mapping Theorem there exists a unique fixed point
(g:(q1), p(q1)) := (g2(e, N, q,), p(e, N, q;)) of ¢ in B. The bounds (2.10) follow by
(4.6).

Since 6€C'(Q,®P x Q;;0,®P x Q) the Implicit Function Theorem
implies that the maps Q, 3 q; — (¢,(&, N, q,), p(e, N, q;)) are C'.

Differentiating (¢,(q), p(1)) = 4(42(q1). p(q1), @1)

gy (q)[h] = =L Ty, (0, (@1 @1 + a(q)) + p(a1), 8) (h + g5 (g)[h] + p'(g))[h])
P(g)lh] = —e£; T, (8,0 (1. a1 + a:(q1) + p(aqr). 6) (h + g5 (q)[R] + P (q)[R])

and using (2.7), (2.6), and the Banach algebra property of #,

|45 (an)[All;.. < CRINT (1A, + 195 (aD) Rl + 1P/ () [R]],.s)
1P/ (@)[]lo.s <= CR)ely™ (1hl,s + g2(aD) Rl + 1P/ (@) [A]],.s),
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which implies the bounds (2.11) since

1—C(R)N2  —C(R)N~2 1
>
—C(R)lely™ 1—-C(R)|ely™ |~ 2

for C(R)(|e|y~" + N~2) small enough and (4.3).
Proof of Lemma 2.4. By (2.4) and (2.5), we have that, at u := ¢, + ¢,(q,) + p(q,),
dV,(u)[h] =0 VheQ, and d¥,u)[h]=0 VheP. 4.7)
Since ¢}(¢,)[k] € O, and p'(q))[k] € P ¥k € Q,, we deduce
d®, (q,)[k] = dV,(u)[h + g3(q1)[k] + p'(q)[K]] = dV,(u)[k] Vk € O,

and therefore u := g, + p(q;) + ¢.(q,) solves also the (Q,)-equation (2.3).
Write W, (u) = Y& (u) — & [ F(@y, u, 6) where

e(2+¢)

\IféZ)(u) = /EZ %(6% M)z + (1 + 8)(0‘191 u)(a¢2 M) + (6% u)z

is an homogeneous functional of degree two. By homogeneity,
1 2
V() = 5dVOWlu] — & [ Flgy.u,0). (4.8)
2 ™
By (2.4) and (2.5) (i.e., (4.7)),
d¥? (g + ¢>(q0) + pla))laa(qr) + p(q)] = & fw fl@1. 1. 0)(g:(q1) + p(q1))- (4.9)

Substituting in (4.8) we obtain, at u = q, + ¢,(q,) + p(q;)

q)s,N(‘h) = WV.(q1 + r(q) + a:(q1))

= %d‘l’éz)(u)[ql +p(q) + 2(a)] - 8/, F(ey, u, 9)
-

1 1
= Sa¥(@)la] — & | Flgr.1.0) + 5 /g1, 1.9)(@x(a) + P(@r))
T

= wq) +e [ 2O

T (0g,q1) + (04, 01)(Og, 1) — Flepy, u, 9)

+ %f(@l’ u, 0)(¢:(q1) + p(qy)) = const + e(I(q,) + %, y(q1))

because ¥,(g,) = const.
By (2.10) the bounds (2.14) and (2.15) follow.

Proof of Lemma 3.3. The existence of p(y, q) € #,; can be proven as in Lemma 2.3
using the Contraction Mapping Theorem. The smoothness of p(1, g) follows by the
Implicit Function Theorem since 4(5, p) is smooth in # and gq.
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By the invariance of equation (3.5) under translations in the ¢, variable the
function p(n, q¢)(¢,, ¢, — 0) solves

p(n. @) (@1, 0, — 0) + VL T f(e1. g5 + p(n. @) (@1, @, — 0). ) =0
and, therefore, by uniqueness (3.9) holds.

Proof of Proposition 2. Write x(E, t) = y(w(E)t, E) where y(¢, E) is 2n-periodic in
¢ and w(E) := 2n/T(E). The functions (J,x)(E, ) and

dw( )

(0px)(E, 1) =1 (Oo)(@(E)1, E) + (0py) (@ (E)1, E) (4.10)

are two linearly independent solutions of the linearized equation (3.13). (0,x)(E, 1)

is 2zn-periodic while, since

dco(T)
4T

dE(T)

= 2nT(E)™ #0 and (0,y)(¢, E) #0

(if not x(E, t) would be constant in ¢), (0zx)(E, t) is not 2n-periodic. We conclude
that the space of T(E)-periodic solutions of (3.13) form a 1-dimensional linear space
spanned by (0,x)(E, t).
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