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Introduction

Recall: For a Boolean function f : Fon — Fo the unitary
transform Vi Fon — C is defined by

Vjcc(u) = Z (_1)f(x)+a(c,a:)iTr(nz)(_1)Tr(ux) ’

zE€Fon

where i = y/—1, the function Tr(z) denotes the absolute trace of
z € Fon and o(c, x) is defined by

o(c,x) = Z (c:r)gi(cx)zj :

0<i<j<n—1
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Recall: For a Boolean function f : Fon — Fo the unitary
transform Vi Fon — C is defined by

V;(u) = Z (—1)f(x)+0(cv$)z'Tr(C$)(_1)Tr(ua:) ’

zE€Fon

where i = y/—1, the function Tr(z) denotes the absolute trace of
z € Fon and o(c, z) is defined by

o(c,x) = Z (ca:)gi(c:n)gj :

0<i<j<n—1

[ is called c-benty if [V§(u)| = 2™/ for all u € Fan.

For ¢ = 0, V§(u) is the conventional Walsh transform Wy(u).
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Remarks:

° V]Cc(u) is defined to describe the component functions of a
modified planar functions F' : Fon — [Fon, i.e. functions for
which F(z + a) + F(x) 4+ ax is permutation of Fon for all
a € F3.. (Zhou, 2013)
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Remarks:

° V]Cc(u) is defined to describe the component functions of a
modified planar functions F' : Fon — [Fon, i.e. functions for
which F(z + a) + F(x) 4+ ax is permutation of Fon for all
a € F3.. (Zhou, 2013)

o (Sarkar, 2012) f : Fon — Fo is a negabent function if
f(z+a)+ f(z) + Tr(ax) is balanced for any a € F,. This
is equivalent c-bent, function for ¢ = 1.

Fact: (A., Meidl, 2016) A function f is c-bents <=
f(xz+a)+ f(x) + Tr(c?ax) is balanced Va € F3,



Introduction

o Let G, := (Fan x Fg, %) be the group, where “«” is defined
by

(x1,91) * (22, y2) = ($1 +x2,Y1 + Y2 + Tf((12371$2))

for any (z1,1), (x2,y2) € G... Note that G, = Zi ™ x Z4
for ¢ # 0.
Define Gy := {(z, f(z)) : ® € Fan} C G..
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o Let G, := (Fan x Fg, %) be the group, where “«” is defined
by

(x1,91) * (22, y2) = ($1 +x2,Y1 + Y2 + Tf((12371$2))

for any (z1,y1), (z2,y2) € Ge. Note that G, = Zg‘_l X Ly
for ¢ # 0.

Define Gy := {(z, f(z)) : ® € Fan} C G..

Fact: f is c-benty < Gy is a (2",2,2",2""1) RDS in G..
Recall: f is bent <= G is a (27, 2,227~ 1) RDS in
VA

Definition: Let Dy(f) := f(z +a) + f(z). A function f is
called partially bent if Dy(f) is either balanced or constant.

Fact: Q(f) = {a € Fan|Dg(f) is constant}: the linear space of f
(

f is partially bent = Wy(u) € {0, +2(+9)/2) 5 .= dim(Q(f))
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Qc(f) = {a € Fan | Do(f) + Tr(c?ax) is constant} is a subspace
of an.
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Qc(f) = {a € Fan | Do(f) + Tr(c?ax) is constant} is a subspace
of an .

Definition: f is called c-partially bent if Dy(f) + Tr(c*azx) is
constant or balanced for all a € [Fon.

PROPOSITION:

If f is a c-partially bent then Vjcc(u) e {0, £2("+5)/21 wwhere
sc = dim(Q(f)).

Definition/Fact: A quadratic function f : Fon — Fy is
represented by f(z) = Tr (ZLnozj bil‘QH_l).

1=

COROLLARY:

[ is quadratic = V{(u) € {0, +2(n+50)/2} for some s, > 0.
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Fon = Ueer,. K. with K., N K., = {0} for ¢1 # ca.
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Spectra of Boolean Functions

Question: What is the spectra of a quadratic function fwith
respect to V]Cc while ¢ varies?

For f(z) =Tr (Zi%% bixziﬂ), set
WT) = Sy 2

a € Qu(f) <= f(z+a)+ f(z) + Tr(caz) = 0
> a € Ker(h(T) + *T) =: K.

Fon = Ueer,. K. with K., N K., = {0} for ¢1 # ca.

Optimal: V§(u) € {0,£2"TD/2} ie. dim(K,) = 1, for all
¢ € Fan but one!

This holds <= h(T")/T is a permutation.

PROPOSITION:

h(T)/T is not a permutation.
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distinct ¢ € Fan.
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Spectra of Boolean Functions

COROLLARY:

A quadratic function f : Fon — Fy is c-bent, for at least three
distinct ¢ € Fan.

Let f : Fon — Fy with n even.
e A function f is c-benty if and only if f + o(c, z) is bent.
o A function f is c-benty if and only if f(dz) is ed-benty.

THEOREM (A., MEIDL, 2017):

For n even, any quadratic function f : Fon — [Fy is essentially
bent-negabent. (Sarkar 2012)




Spectra of Boolean Functions

THEOREM (A., MEIDL, 2017):

(1) Let f(x) = Tr(ax?) for some a € Fon.

o If n be odd, then f is c-benty for (2™ + 1)/3 different
¢ € Fon, 1 partially c-benty for 27! different ¢ € Fo» and 2
partially c-benty for (27~! —1)/3 different ¢ € Fan.

e For n is even, let ¢ be the primitive root of unity and /V; be
the number of trace zero elements in Q; := ¢*(F4.)3 for
1=1,2,3. If a € Q;, then f is c-benty for 2N; + 1 different
¢ € Fon, 1 partially c-benty for 2" — —3N; different ¢ € Fon
and 2 partially c-bent, for N; different ¢ € Fon.

(2) Let n = 2k and f(z) = Tr(oz:er) for some a € Fan.

o If a € Fyr, then f c-benty for 2" — 2% — 1 different ¢ € Fon
and k partially c-benty for 28 + 1 different ¢ € Fon.

o If & € Fox, then f = 0, and hence c-benty for all ¢ € Fan.
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THEOREM (A., MEIDL, 2017):

Let n =2k, k > 1 odd, and let f(z) = Tr(a:2k+3). Then f is
negabent and not c-bent, for any ¢ # 1.
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n < 14 the monomial f(x) = Tr(7x2k+3) is negabent only for
v =1.



Spectra of Boolean Functions

THEOREM (A., MEIDL, 2017):

Let n =2k, k > 1 odd, and let f(z) = Tr(a:2k+3). Then f is
negabent and not c-bent, for any ¢ # 1.

Remark: (2016) Zhou and Qu show that n = 2k, k > 1 odd,
flz) = Tr(x2k+3) is negabent. Moreover, by MAGMA, for
n < 14 the monomial f(x) = Tr(yx2k+3) is negabent only for

v =1

COROLLARY:

For n =2k and k > 1 odd, f(z) = Tr(y22"*3) is negabent only
for v = 1.

Recall: A function f is c-benty if and only if f(dx) is cd-benty.



Equivalence of Boolean Functions

Fact: Let f : Fon — Fo.
e For n even, f is c-benty <= g := f + o(c, ) is bent.
e For n odd, f is c-benty <= g := f + o(c, x) is semibent,
ie. W,(u) € {0,+£2D/2) “and W, (u)W,(u + ¢) = 0 for
all u € Fon.
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Equivalence of Boolean Functions

Fact: Let f : Fon — Fo.

e For n even, f is c-benty <= g := f + o(c, ) is bent.

e For n odd, f is c-benty <= g := f + o(c, x) is semibent,
ie. W,(u) € {0,+£2D/2) “and W, (u)W,(u + ¢) = 0 for
all u € an.

Recall: For ¢ # 0, f is c-benty <= Gy is a (2m, 2,27 277 1)
RDS in G. = Z5 ™ x Zy.

We consider ¢ = 1 and set o(z) := o(1,x).
G := (Fan x Fo, %) such that for any (x1,v1), (z2,y2) € G,
(x1,11) * (x2,y2) = (z1 + 22, y1 + y2 + Tr(x122)).
Definition: Let f; and f2 be negabent (1-bents) functions.
e f1 and fy are shifted-equivalent if fi + o and fs + o are
EA-equivalent, i.e.
(fo+0)(z) = (fi + 0)(L(z) + a) + Tr(Bz) + ¢ for some
a, € Fon, c € F9 and a linearized permutation £ of Fan.
e f1 and fy are difference set equivalent if Gy, and Gy, are
equivalent as an RDS, i.e. Gy, =1 (Gy,) * b for some
Y € Aut(G) and b € G.



Equivalence of Boolean Functions

Definition: 2: the set of linearized permutations £ of Fan such
that Tr(z) = Tr(L(x)) for all z € Fan.

ProprosITION (A., MEIDL, PoTT, 2017):

Let ¢ g : Fan X Fa — Fan x Fo defined by

beple,y) = (L(2), y+o(x) +o(L(2)) + Te(Bz) ) -

Then

Aut(G) = {¢rs|LEQ, BEFm}.

Recall: o(x) = 20§i<j§n—l 22 g%



Equivalence of Boolean Functions

Definition: 2: the set of linearized permutations £ of Fan such
that Tr(z) = Tr(L(x)) for all z € Fan.

ProprosITION (A., MEIDL, PoTT, 2017):
Let ¢ g : Fan X Fa — Fan x Fo defined by

beple,y) = (L(2), y+o(x) +o(L(2)) + Te(Bz) ) -

Then

Aut(G) = {¢rs|LEQ, BEFm}.

i 9]
2$2

Recall: 0(2) =3 g<icjcn_1?

THEOREM (A., MEIDL, PoTT, 2017):

Negabent functions f; and fo are difference set equivalent if and
only if

fo(x) = fi(z) + o(x) + o(L(x)) + Tr(Bz) + ¢

for some «, 8 € Fon, ¢ € Fg and L(z) € Q.
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Equivalence of Boolean Functions

shifting to bent

fi(x) g1(x) = fi(z) + o(z)

EA-equivalence

Observation:
Difference set equivalence = shifted equivalence

Question: Is the converse true?

THEOREM (A., MEIDL, PoTT, 2017):

Two EA-equivalent functions can induce inequivalent different
sets in G.
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