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Giulietti-Korchmáros curve

Let ` be a prime power.

Definition
The GK curve X (Giulietti, Korchmáros, [5]), over F`6 is a non-singular
curve defined by the equations{

Z `2−`+1 = Y `2 − Y
Y `+1 = X ` + X

The GK curve has:
genus g = (`3+1)(`2−2)

2 + 1;
`8 − `6 + `5 F`6 rational affine points;
one single point at the infinity, namely P∞.
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Maximal Curves

Definition
A curve is said to be maximal if it attains the Hasse-Weil bound

|X (Fq)| = q + 1 + 2g√q.

Examples of maximal curves:

Hermitian curve;
Ree Curve;
Suzuki Curve.

The GK curve is the first example of maximal curve not covered by the
Hermitian curve.
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Codes on the GK curve

AG codes on the GK curve
Algebraic-Geometric codes from the GK curve are widely studied for their
interesting properties:

Fanali and Giulietti in [4] studied one-point codes.
Castellanos and Tiziotti then examined in [2] classes of two points
codes.
Bartoli, Montanucci and Zini in [1] analyzed the properties of some
families of multi-points codes.
Mascia, Rinaldo and Sala showed in [7] that any one-point code on
the GK curve is an order domain code for certain values of q.
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One-point AG codes

Definition
The Riemann-Roch space associated to a divisor D of a curve X is the
vector space L(D) over Fq(X ) is defined as

L(D) = {f ∈ Fq[X ] | (f ) + D ≥ 0} ∪ {0}

where Fq[X ] is a rational function field on X and (f ) indicates the
principal divisor of f .

Let D =
∑

P∈X\{P∞} P.

Definition
The one-point AG Goppa code is defined as follows

C(D,mP∞) = {f (P1), . . . , f (P`8−`6+`5−`3) | f ∈ L(mP∞)}.
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Designed minimal distance

Definition
Take a one-point algebraic-geometric code C(D,mP∞) on X , we call

d∗ = n − deg(mP∞) = `8 − `6 + `5 −m(`3 + 1) the designed
minimum distace for C(D,mP∞).
d∗∗ = deg(mP∞)− 2g + 2 = m(`3 + 1)− `5 + 2`3 − `2 + 2 the
designed minimum distace for C(D,mP∞)⊥.

Remark
Let d and d⊥ be respectively the minimum distances of C(D,mP∞) and
C(D,mP∞)⊥, we have that

d ≥ d∗;
d⊥ ≥ d∗∗.
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Results on the minimum distance of AG dual codes

Theorem (Couvreur, [3])
Let X be a non singular curve in Pr , let D =

∑
P∈X\{P∞} P, let m ≥ 2 and d be

the minimum distance of the code C(D,mP∞)⊥.

(i) d = m + 2 if and only if exists a set of points such that m + 2 of them on
the curve that are collinear in Pr ;

(ii) d = 2m + 2 if and only if exists a set of points such that 2m + 2 of them lie
on the intersection of the curve with a plane conic (possibly reducible) and
such that no m + 2 of them are collinear;

(iii) d = 3m if and only if there exists a set of points such that no m + 2 of them
are collinear, no 2m + 2 of them lie on a plane conic and 3m of them are
coplanar and lie at the intersection of a cubic and a curve of degree m
having no common irreducible component;

(iv) d ≥ 3m + 1 if and only if no sub-family of the points of the curve satisfies
one of the three above-cited configurations.
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Intersections of the GK curve

Proposition
The maximal number of intersections between the GK curve and a line is
`2 − `+ 1. Moreover if a line r meets the GK curve in more than `+ 1
points then r is a `2 − `+ 1 secant and r can be written in the form

r :
{

X = x̄
Y = ȳ .

Proposition
The maximal number of intersections between the GK curve and a plane
conic is

2(`+ 1) if the conic is irredubible;
2(`2 − `+ 1) if the conic is reducible.
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Codes under investigation

The designed minimum distance for the code C(D,mP∞)⊥ is

d∗∗ = degG − 2g + 2 = m(`3 + 1)− `5 + 2`3 − `2 + 2.

On the other hand, by [3] it is possible to determine the exact minimum
distance of the code C(D,mP∞)⊥ under certain conditions. In particular

d = m + 2 if we can find m + 2 collinear points.
d = 2m + 2 if we can find 2m + 2 points on the GK curve which lie
on a plane conic, and such that no m + 2 of them are collinear.

We look for the cases in which d > d∗∗ in order to find out the exact
minimum distance of these codes.
Remark
In both cases d > d∗∗ if and only if m ≤ `2 − 2.
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Minimal distance of some classes of GK codes

Applying the results on the intersections given before, using the theorem
given by Couvreur we can say what is the real minimum distance of the
code C(D,mP∞)⊥ for some values of m.

Theorem
The minimum distance of C(D,mP∞)⊥ is

1 d = m + 2 when ` ≤ m ≤ `2 − `− 1;
2 d = 2m + 2 when `2 − ` ≤ m ≤ `2 − 2;
3 d ≥ 3m when m ≥ `2 − 1.
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Affine-variety codes

Let t ≥ 1 and consider an ideal I = 〈g1, . . . , gs〉 of Fq[x1, . . . , xt ],
{xq

1 − x1, . . . , xq
t − xt} ⊂ I.

The ideal I is zero-dimensional and radical. Let V (I) = {P1, . . . ,Pn} be
the variety of I and R = Fq[x1, . . . , xt ]/I.

Definition
An affine-variety code C(I, L) is the image φ(L) of L ⊆ R, a Fq-vector
subspace of R of dimension r , given by the isomorphism of Fq vector
spaces

φ : R −→ Fn
q

f 7−→ (f (P1), . . . , f (Pn)).
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Duals of affine-variety codes

Property
If L is generated by b1, . . . , br , then the matrix

H :=


b1(P1) b1(P2) . . . b1(Pn)
b2(P1) b2(P2) . . . b2(Pn)

...
...

...
...

br (P1) br (P2) . . . br (Pn)


is a generator matrix for C(I, L).

We will focus on the duals of affine-variety codes, so H will be the
parity-check matrix of the code C(I, L)⊥.
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Weight distribution

Definition
Let C be a linear code, c ∈ C and 0 ≤ w ≤ n. The weight of c, denoted
by w(c), is the number of its non-zero components and

Aw (C) = |{c ∈ C | w(c) = w}|.

Remark
The knowledge of the weight distribution of a code is fundamental to
compute the probability of undetected error (PUE) of the code.
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Results on words of given weight

Lemma (Marcolla, Pellegrini, Sala, [6])
Let 1 ≤ w ≤ n. Let I = 〈g1, . . . , gs〉 be such that {xq

1 − x1, . . . , xq
t − xt} ⊂ I. Let

L a subspace of Fq2 [x1, . . . , xt ]/I of dimension r generated by {b1, . . . , br}. Let
Jw be the ideal in Fq[x1,1, . . . , x1,t , . . . , xw ,t , z1, . . . , zw ] generated by

Jw =
〈{ w∑

i=1
zibj(xi,1, . . . , xi,t)

}
j=1,...,r

, {gh(xi,1, . . . , xi,t)} i = 1, . . . , w
h = 1, . . . , s

,

{
zq−1

i − 1
}

i=1,...,w
,

 ∏
1≤l≤t

((xj,l − xi,l )q−1 − 1)


1≤j<i≤w

〉

Then :
Aw (C(I, L)⊥) = |V (Jw )|

w ! .
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Correspondence between AG codes and AV codes

Let I = 〈Z `2−`+1 − Y `2 + Y ,Y `+1 − X ` − X ,X `6 − X ,Y `6 − Y ,Z `6 − Z 〉
and let R = F`6 [X ,Y ,Z ]/I. We take L ⊆ R generated by

B`,m =
{

X iY jZ k + I | i ∈ [0, . . . , `− 1], j ∈ [0, . . . , `2 − `], k ∈ [0, . . . ,m]
}

Remark
Under the previous conditions B`,m is a basis for L(mP∞).

Remark
In this case we have that C(D,mP∞) = C(I, L) and then
C(D,mP∞)⊥ = C(I, L)⊥
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Number of minimal weight codewords of some GK codes

Our aim now is to count the exact number of the codewords of
C(D,mP∞)⊥ with minimum weight. Considering our codes as
affine-variety codes is possible to obtain this result.

Theorem
Let `+ 1 ≤ m ≤ `2 − `+ 1, then the number of minimum weight
codewords of C(D,mP∞)⊥ is

Ad (C(D,mP∞)⊥) = (`+ 1)(`5 − `3)(`6 − 1)
(
`2 − `+ 1

d

)
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