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Groups with countably many subgroups

GIOVANNI CUTOLO AND HOWARD SMITH

ABSTRACT. We describe soluble groups in which the set of all subgroups is countable and show that locally (soluble-by-
finite) groups with this property are soluble-by-finite. Further, we construct a nilpotent group with uncountably many
subgroups in which the set of all abelian subgroups is countable.

1. INTRODUCTION

It is a trivial observation that a group is finite precisely when it has only finitely many subgroups. As a next step we
consider the question: when is the set of all subgroups of a group G countable? The abelian groups with this property
have been characterised by Rychkov and Fomin in [13], see Lemma 2.3 below. We shall mostly be concerned with the
analogous problem for soluble groups.

We shall say that a group G has the property CMS (or G € (CMS)) if the set L(G) of all subgroups of G is
countable. Quite plainly all group with CMS are countable, and all groups with the maximal condition on subgroups
also satisfy CMS.

The class (CMS) is closed under taking subgroups and quotients, but not under extensions, nor even direct products.
For example, if p is a prime, the Priifer p-group Cp~ has CMS, but its direct square Cpec X €pe has 280 subgroups.
Groups with CMS satisfy a very strong rank-finiteness condition. Indeed, a direct product of infinitely many nontrivial
groups certainly has at least 2% subgroups, therefore groups in (CMS) cannot have any such section. We shall prove
that soluble groups without subnormal sections of the types excluded by these remarks satisfy CMS. Thus we shall
see in Theorem 2.7 that a soluble-by-finite group satisfies CMS if and only if it is minimaz and has no (subnormal)
sections of type Cpoo X Cpoo, for any prime p. We shall also see that all locally (soluble-by-finite) groups with CMS are
soluble-by-finite (Theorem 2.12). A side feature of both theorems is that they also show that locally (soluble-by-finite)
groups with uncountably many subgroups have at least 2% of them.

Let p be a prime. In the description of a soluble CMS-group G a role is played by the maximal number of factors
isomorphic to Cpe in a finite series of G. We shall denote this number by rpe (G). For instance the result by Rychkov
and Fomin cited above could be rephrased by saying that the abelian groups with CMS are precisely those abelian
minimax groups G such that rpe(G) < 1 for all primes p. It turns out that rpe (G) < 2 for all soluble groups G with
CMS and all primes p; and, unlike the abelian case, ry~(G) = 2 may occur, even if G is nilpotent.

On a different thread, we show—in Theorem 3.1—that there exists a nilpotent group with uncountably many sub-
groups, of which just countably many are abelian.

In some contrast with these results, nothing can be said on soluble groups in which the set of subgroups has a
given uncountable cardinality. Indeed, it is not difficult to prove that if x is an uncountable cardinal, then every
abelian and hence every soluble group of cardinality x has as many subnormal subgroups as subsets, i.e., 2"—it is
proved in [3] that if the group is supposed to be nilpotent-by-finitely generated abelian then ‘subnormal’ may even
be replaced by ‘normal’ in this statement. A consequence of these remarks and of Theorem 2.7 is that if G is an
infinite soluble-by-finite group then |£(G)| is either Ry or 2/€I (see Corollary 2.8); moreover, G has |£(G)| subnormal
subgroups. Regarding the latter (hardly surprising) remark, note that there exist countable locally soluble groups with
uncountably many subgroups but only countably many subnormal subgroups. Examples of this kind are the groups
constructed in [17], (2.3), in which all subnormal subgroups have finite index.

Leaving subnormality aside, Corollary 2.8 raises a question: what (non-trivial) restrictions are there (if any) on the
possible cardinalities of the sets of all subgroups of infinite groups if the (generalised) solubility hypothesis is dropped?
The following example is of interest in this regard. The construction in Theorem 35.2 of [9] provides a simple group G
of cardinality N; with exactly X; subgroups; moreover, all proper subgroups of G are countable and, for any sufficiently
large prime p, it may be arranged for G to be a p-group. It is also worth remarking that intermediate steps in this
construction provide examples of infinite simple, two-generated groups in (CMS) not satisfying the maximal condition:
in the notation of [9] all the groups G**! where w < v < w; (or just 0 < v < w; if the construction is started from,
say, a Priifer p-group) have this property. Finally we mention that a similar problem, counting conjugacy classes of
subgroups, has been considered by S. Shelah [14] for uncountable cardinals (we thank Simon Thomas for drawing our
attention to this paper).
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2. PROOFS

As remarked in the introduction, the class (CMS) is not extension-closed. Our first results provide sufficient conditions
for an extension of CMS-groups to satisfy CMS.

Lemma 2.1. Let the group G have a normal subgroup N with CMS such that G/N € Max. Then G has CMS.

Proof. Given H < G, let L = NN H. Then L is one of the countably many subgroups of N. Also, L < H and
H/L ~ HN/N is finitely generated. Therefore H = L(F') for some finite subset F' of G. Since G is countable, there
are countably many possible choices for F'. It follows that G has CMS. ]

Lemma 2.2. Let the group G have a normal subgroup N such that both N and G/N have CMS. Then G ¢ (CMS)
if and only if G has a section V/U, such that U < N and (V N N)/U has uncountably many complements in V/U.

Proof. Assume G ¢ (CMS). Then uncountably many subgroups of G have the same image under the mapping
H — (HN N,HN/N) from L(G) to the countable set L(N) x L(G/N). In other words, there exist subgroups
U, W < G such that U < N < W and the set X of all H < W such that HN N = U and HN = W is uncountable.
Now U < H for all H € K, hence U <V := (H | H € X). For all H € X we have V/U = (VNN/U) x (H/U), thus
the result follows. O

There is a well-known correspondence between complements in semidirect products and derivations (see, for instance,
[7], p-196). So, in the notation of the previous lemma, if G ¢ (CMS) there are a section M (= VN N/U) of N and
a group V isomorphic to a subgroup of G/N (namely V/V N N) acting on M via conjugation in such a way that
Der(V, M) is uncountable. Of course, in the special case when V acts trivially on M (that is, when M is a central
factor in V') then Der(V, M) = Hom(V, M).

We are already in a position to give a proof of the result by Rychkov and Fomin describing the abelian groups with
CMS; we include it for the reader’s convenience.

Lemma 2.3 ([13]). Let G be an abelian group. Then the following conditions are equivalent:
(i) G € (CMS);
(ii) [£(G)| < 2%;
(i) G is minimax and, for every prime p, it has no section isomorphic to Cpee X Cpoc;
(iv) G is minimax and, for every prime p, 1, (G) < 1;
(v) G has a finitely generated subgroup H such that G/H is the direct product of finitely many, pairwise nonisomorphic
Priifer groups.

Proof. Plainly, (i) implies (ii). Now assume (ii). For any prime p, G has no section isomorphic to Cpe X Cpeo,
because the latter group has 2%° subgroups. For the same reason, as remarked in the introduction, no section of G
is the direct product of infinitely many nontrivial groups, which amounts to saying that G is minimax. This shows
that (ii) implies (iii). Next, by the structure of abelian minimax groups, (iii), (iv) and (v) are clearly equivalent.
Finally, assume (v). Then £(G/H) is lattice-isomorphic to the direct product of the subgroup lattices of the primary
components of G/H, hence it is countable. If X is a subgroup of G/H and M is a section of H, then Hom(X, M) is
finite. Therefore, the remarks following Lemma 2.2 show that G € (CMS). The proof is complete. O

We shall see that conditions (i-iii) in Lemma 2.3 are still equivalent for arbitrary soluble groups, while (iv) and (v)
are generally stronger than the property CMS.

Lemma 2.4. Let G be a group and N < Z(G). Then G € (CMS) if and only if G/N and all abelian sections of G
satisfy CMS.

Proof. Ounly the sufficiency needs a proof. By hypothesis, both N and G/N satisfy CMS. If G ¢ (CMS), then G has
a section V/U as described in Lemma 2.2. Let K/U be a complement to W := (VN N)/U in V/U. Then V' < K,
because N < Z(G); it follows that V/UV' is an abelian section of G in which (N N'V)V’/UV’ has uncountably many
complements, a contradiction. O

To prove Theorem 2.7 we shall make use of some information on derivations of nilpotent groups of finite rank. We
state the relevant result in a slightly more general form than strictly needed. The lemma is most probably known, the
proof is an adaptation of that of Theorem 10.3.6 in [7].

Lemma 2.5. Let G be a nilpotent group of finite rank and M a ZG-module which is artinian as an abelian group. If
H°(G, M) is finite, then H"(G, M) is finite for all n € N.

Proof. By [7], 10.3.7, saying that H°(G, M) (~ MY = C(G)) is finite is equivalent to saying that Mg = M/[M,G]
is finite. Therefore, if N is a G-submodule of M then both N and M := M/N satisfy the hypothesis for M, as
NG < MY and Mg is an epimorphic image of Mg. The long exact cohomology sequence shows that, for all n € N,
H"(G, M) is finite if both H"(G, N) and H"(G, M) are finite. Thus, to show that the result holds for M it is enough
to prove it for N and M/N. Now, Lemma 4.4 of [11] shows that the result is certainly true for finite modules. Then,
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arguing by induction on the total rank of M as an abelian group, we may assume that M is Z-divisible and has no
proper infinite submodules.

Let X be a subgroup of G such that H"(X, M) is finite for all n € N. If X Y < G then the Lyndon-Hochschild-
Serre spectral sequence (see [7], p. 204), together with [11], Lemma 4.4 again, shows that H"™(Y, M) is finite for all
n € N. Arguing by induction on the subnormal defect of X in G we obtain the required result. Therefore, we may
assume that no subgroup of G satisfies this property for X. Now, since M satisfies the minimal condition on subgroups,
it is easily seen that Cp/(G) = Cp(X) for some finitely generated subgroup of G. Therefore we may substitute X
for G and assume that G is finitely generated.

If G is periodic, it is finite and the result is obvious. We may now assume that there exists a non-periodic element
x € Z(G). Let N = Cpr(z). Then N is a G-submodule of M, therefore either N is finite or N = M. In the former
case HO({z), M) ~ N is finite, H*((x), M) ~ M/[M,x] = 0 (see [12], exercise 11.3.2, p. 340) and H"({(z), M) = 0
for all n > 1; this contradicts one of the assumptions in the previous paragraph. Otherwise, N = M and M is a
G-module, where G = G/(z). Also, for all i € N, H'({z), M) is ZG-isomorphic to M (if i < 2) or to 0 (if i > 2).
Thus the hypotheses of the lemma are satisfied by H'({x), M) in place of M and G in place of G. By induction
on 1o(G), we conclude that all cohomology groups H’ (G, H'((z), M)) are finite. Now the Lyndon-Hochschild-Serre
spectral sequence shows that H™(G, M) is finite for all n € N. The lemma is proved. (]

Corollary 2.6. Let p be a prime and G a nilpotent group of finite rank acting on the group P ~ C,~ non-trivially.
Then H™(G, P) is finite for all n € N, and Der(G, P) is countable.

Proof. We have Cp(G) < P, hence H°(G,P) ~ Cp(G) is finite. The first part of the corollary follows now from
Lemma 2.5. Der(G, P) is an extension of the group of inner derivations IDer(G, P), which is isomorphic to P/Cp(G) ~
P, by HY(G, P), hence | Der(G, P)| = No. O

We remark that it can be shown, by means of elementary, direct methods, that with the hypothesis of Corollary 2.6
every derivation G — P has finite image. Also note that if the hypothesis that G has finite rank is dropped in
Lemma 2.5, then it is still true that the cohomology groups H™(G, M) have finite exponent ([7], Theorem 10.3.6) but
they can have infinite rank, even if M is finite. Indeed, Hom(G, Cy;(G)) embeds in Der(G, M), so it is easy to arrange
for HY(G, M) to be uncountable.

Theorem 2.7. Let G be a soluble-by-finite group. Then the following are equivalent conditions:
(i) G € (CMS);
(i) |£(G)] < 2%;
(i) G is a minimax group and, for all primes p, G has no section isomorphic to Cpee X Cpos;
(iv) G is a minimax group and, for all primes p, G has no subnormal section isomorphic to Cpe X Cpeo.

Proof. Assume |£(G)| < 2%, By Lemma 2.3 all abelian sections of G' are minimax—hence G is minimax—and none
of them is isomorphic to Cpe X Cpeo, for any prime p. This proves that (ii) implies (iii). That (i) and (iii) imply
(ii) and (iv) respectively is obvious; to complete the proof we need to prove that (iv) implies (i). Assume that G is
minimax and no subnormal section of G is isomorphic to the direct square of a Priifer group. By [10], Theorem 10.33,
if R is the finite residual of G and F/R is the Fitting subgroup of G/R, then R is divisible abelian, F//R is nilpotent
and G/F is polycyclic-by-finite. In view of Lemma 2.1, it will be enough to prove that F' has CMS. The hypothesis
and Lemma 2.3 imply that all subnormal abelian sections of G, and hence all abelian section of F'/R, satisfy CMS.
Then an easy induction on the nilpotency class of F//R, based on Lemma 2.4, shows that F/R € (CMS).

Suppose that F ¢ (CMS). Then, by Lemma 2.2, F has a section V/U, where U < R, in which (V N R)/U has
uncountably many complements. This property is preserved if we replace V' with VR (note that U < V R), thus we
may assume R < V. As V < F, this makes V subnormal in G. Using bars to denote images modulo U, fix K such
that V = R x K. Then D := Der(K, R) is uncountable. Next, R is divisible; the hypothesis implies that it is the
direct product of finitely many, pairwise nonisomorphic Priifer groups. Thus R = Drpe, R,, where 7 is a finite set
of primes and R, ~ Cpe for all p € 7. Then D =~ Drye, Der(K, R,), and D, := Der(K, R,) is uncountable for some
p € 7. By Corollary 2.6, K acts trivially on Rp. But then D, = Hom(K, Rp). Since this group is uncountable, there
exists L < K such that U < L and K/L ~ Cpe. If Q/U is the p/-component of R then V/LQ is a subnormal section
of G isomorphic to €pee X €peo. This is a contradiction, which completes the proof. (]

As a consequence of Theorem 2.7 and Lemma 2.3, a soluble-by-finite group satisfies CMS if and only if all of its
(subnormal) abelian sections satisfy CMS.

Corollary 2.8. Let G be an infinite soluble-by-finite group. Then the set of all subnormal subgroups of G has the
same cardinality as £(G), and this cardinality is either Xy or 2/¢1.

Proof. If |G| > N¢ the result is contained in [3]. Assume |G| = Y. It is clear that G has infinitely many subnormal
subgroups. By Theorem 2.7, either G € (CMS) or G has a subnormal abelian section not in (CMS), and hence 2%
subnormal subgroups. O
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More information is readily available on soluble (or soluble-by-finite) groups with CMS. If G is such a group, let R
and F' be as in the proof of Theorem 2.7. If P is a nontrivial primary component of R, hence a Priifer group, then
either P = [P,F] or P < Z(F). Let S be the direct product of the primary components of R which are not central
in F, thus S = [S,F] = [R, F]. It follows from [7], 10.1.15 and 10.3.6 that F nearly splits over S, so there exists a
nilpotent subgroup H < F such that H NS is finite and SH has finite index in F. (Although we don’t need this
further observation, we remark that a simple argument involving [7], 10.3.9, together with the fact that .S is divisible
and locally cyclic shows that we may even choose H such that SH = F.)

Proposition 2.9. Let G be a soluble-by-finite group with CMS. Then rpe(G) < 2 for all primes p.

Proof. Fix a prime p. Assume that we have proved our result for nilpotent groups. In the notation of the previous
paragraph rpe (G) = rpec (F) = rpeo(S) + rpee (H); by our assumption rp~(H) < 2, so we may assume that the
p-component P of S is nontrivial, that is, P ~ Cpe. As [P, H'] =1 and G has no sections of type Cpee X Cpeo, it is clear
that H' has no section isomorphic to €. Therefore rpe (H) = rpe (H/H') <1 by Lemma 2.3, hence rp~ (G) < 2.
Therefore we may assume that G is nilpotent. We may also assume m(G) minimal subject to G being a counterex-
ample, where m(G) = 10(G) + >_, ,ime Fq> (G). Let p be a prime such that rye(G) > 1. The minimality of m(G)
implies that no subgroup of Z(G) is infinite cyclic, and that G/G’ has no quotient, and hence no section, isomorphic
to Cgee for any prime ¢ # p. This latter property is inherited by finite tensor products of abelian minimax groups,
so G has no section isomorphic to Cye. Since Z(G) is infinite, it has a subgroup isomorphic to Cpe. Let A be a
maximal abelian normal subgroup of G and C = Cg(A/Z(G)). Now rpe(A) < 1, because of Lemma 2.3, hence
A/Z(G) is finitely generated and so also G/C is finitely generated. Finally, C stabilizes the series 1 < Z(G) < A,
hence €' < Cg(A) = A and 1y (C/A) < 1, by Lemma 2.3 again. The result follows. O

In the next section we shall construct nilpotent groups G of class 2 with CMS such that r,~(G) = 2 for some
prime p. Clearly, soluble minimax groups with r,e(G) < 2 for all p may fail to satisfy CMS (abelian groups providing
easy counterexamples); but we record here an obvious consequence of Theorem 2.7:

Corollary 2.10. Let G be a soluble-by-finite minimax group such that rpe(G) < 1 for all primes p. Then G € (CMS).

Next we look at the effect of CMS on more general classes of groups. For several classes of generalised soluble-or-
finite group, CMS implies virtual solubility. For example, if G is a radical group with CMS, then every abelian section
of G is minimax (Lemma 2.3) and so G is minimax and hence soluble-by-finite, by a theorem of Baer [1]. The same
holds for the case G locally finite, by [16], so a locally finite group satisfies CMS if and only if it is a Chernikov group
with locally cyclic finite residual. An extra argument allows us to extend further these results to wider group classes
for which an analogue of Baer’s theorem does not hold (Merzljakov [8] provides an example of insoluble locally soluble
group in which all abelian sections are finitely generated).

Lemma 2.11. Let (X,,)nen be a sequence of varieties, such that X,, C X,,41 for alln € N, and let X = |J,, .y X5. Let
G be a nontrivial locally-X group, and assume that G has a chain N of normal subgroups such that (\N = 1. If no
element of N is in X, then G has at least 2% subgroups.

Proof. For all K € X, let £(K) (the length of K) be the least n € N such that K € X,,. Suppose that no element
of N is in X. Then we can recursively construct a strictly decreasing sequence (NV;);en of elements of N and, for
all i € N, a finitely generated subgroup F; of N; in such a way that, after letting H; = (Fy, F1,...,F;), we have
l;:={(H;) = (H;N;41/Niy1) < £(F;41) for all i. For, we start with any element of N as Ny and Fy = (z), for some
nontrivial z € Ny. Let ¢ € N and assume that the required subgroups have been constructed up to i. If ¢; = ¢(H;), then
there is some N € N such that N < N; and H;/(H; N N) ¢ X4,_1, because X,,_1 is a variety, hence £{(H;N/N) = {;;
we choose one such N as N;11. As N ¢ X, we can then choose F;;1 as a finitely generated subgroup of N not in Xy,.
It is easy to check that the required conditions are satisfied by the sequences thus defined.

Now, for all S C Nwelet F(S)=(F;|i€S). T CNand T # S, we claim that F(S) # F(T). For, let j be the
least integer in the symmetric difference T' A S and let bars denote images modulo N;; ;. Without loss of generality,

assume j € T. Then (with the obvious proviso for the case j = 0), F(S) < Hj_y and {(H;_1) = {;j_1 < {;, while
(F(T),Hj—1) = Hj has length ¢;. This shows that F(S) # F(T), as claimed. It follows that G has at least 2%
subgroups, as required. O

Theorem 2.12. Let G be a locally (soluble-by-finite) group. If |£(G)| < 2%, then G is soluble-by-finite.

Proof. Assume |£(G)| < 2%, We start by taking on the case when G is locally soluble. For all n € Nt we let X,
be the variety of soluble groups of length at most n. Also let N = {G(™ | n € Nt} so that S := (N is the soluble
residual of G. Lemma 2.11 shows that G/S is soluble, so S’ = S. Hence we may replace G with S and, arguing
by contradiction, assume that G is perfect and non-trivial. After factoring out Z(G) = Z(G) we may also assume
Z(G) = 1. We claim that every soluble normal section F' of G is central. Since G = G’ it is enough to show that G
acts nilpotently on F. Recall from Theorem 2.7 that F' is minimax. For all n € N*, F/F" is finite, so G/Cq(F/F™)
is finite, hence trivial because G is perfect. Thus G acts trivially on F'/R, where R is the finite residual of F. Now, R
is divisible abelian, by the already cited Theorem 10.33 of [10], so R is locally cyclic by Lemma 2.3. Then G/Cg(R)
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is abelian, that is, [R,G] = 1. It follows that [F,G] = 1, as claimed. As a consequence, G has no minimal normal
subgroups. Thus, by Zorn’s Lemma, there exists a chain M of nontrivial normal subgroups of G such that [\ M = 1.
But then, by Lemma 2.11, some F' € M is soluble and hence central in G, a contradiction. We have proved that all
locally soluble groups with less than 280 subgroups are soluble.

Now let G be a locally (soluble-by-finite) group with the same property. By the first part of the proof, all locally
soluble subgroups of G are soluble, hence of finite rank by Theorem 2.7. Then the main theorem in [5] (also see [6])
shows that G has a locally soluble subgroup of finite index. The result follows. O

We close this section with another consequence of Theorem 2.7, which is of some relevance in view of the forthcoming
Theorem 3.1.

Corollary 2.13. Suppose that all nilpotent subgroups of the soluble-by-finite group G satisfy CMS. Then G € (CMS).

Proof. G is minimax, because all abelian subgroups of G satisfy CMS. Let R be the finite residual of G and F/R
be the Fitting subgroup of G/R. Suppose G ¢ (CMS), then F ¢ (CMS), so F has a section X/Y ~ Cpoc X Cpos for
some prime p. Then X ¢ (CMS) and we may well assume G = X. The near-splitting argument in the paragraph
following Corollary 2.8 still applies. So there exist H < G and S <1 G such that H N S and |G : SH| are finite, H is
nilpotent and S = [S,G] < G’ <Y. But this implies that Cpee X €peo is an epimorphic image of H, so H ¢ (CMS), a
contradiction. O

3. COUNTERXAMPLES

It is fairly common that a group-theoretical property must hold in a soluble group if it is satisfied by all of its abelian
subgroups; this is most often the case for finiteness conditions. The property CMS is not of this kind. In the previous
section we noticed that soluble groups in which all abelian sections satisfy CMS must themselves satisfy CMS; this
sentence becomes false if we substitute ‘subgroups’ for ‘sections’. Indeed, there exists a nilpotent group in which all
abelian subgroups satisfy CMS, and yet the group itself does not. Slightly more than that:

Theorem 3.1. For all primes p and all integers n > 2 there exists a nilpotent p-minimax group G of class 2 and
torsion-free rank n without CMS but with just countably many abelian subgroups.

The group that we shall construct to justify Theorem 3.1 also turns out to have subgroups proving:

Proposition 3.2. For all primes p and all integers n > 1 there exists a nilpotent p-minimax group G of class 2
satisfying CMS such that rp~(G) = 2 and ro(G) = n.

Recall that a p-minimax soluble group is a soluble minimax group G with no section isomorphic to €4~ for any
prime ¢ # p. This section mostly consists in the proof of these two results. The construction is an expansion of one
carried out in [4], Example 3.1.

We start by constructing the groups that will be the abelianisations of the groups in Theorem 3.1. We fix some

notation. Let r be a positive integer and f3;; and v;; integers, where j and ¢ range in {1,2,...,r} and N respectively.
Let A be the abelian group generated by elements a1, as, ..., a, and b;, ¢;, where i ranges in N, subject to the relations
I kA
VieN  pbipi=bi+ Y Bjiaj,  peig1=ci+ Y ;. (R)
j=1 j=1

It is clear that the subgroup U = (a1, a9, ...,a,) of A is free abelian of rank r and A/U ~ Q, & Q, (as usual, Q, is
the subgroup {np™ | n,m € Z} of the rational group); thus A has rank r + 2.

Forall j € {1,2,...,r}, define the p-adic integers 8; = >,y Bjip' and v; = YieN 7vjip*. We shall show that choosing
these p-adic integers algebraically independent forces infinitely generated subgroups of A to have rank greater than 7.
We start from a simple case, which is exactly what is needed to prove the main results of this section restricted to the
case n = 3.

Lemma 3.3. Assume that r = 1 and {1, 1,71} is a linearly independent set (over Z) of cardinality 3. Then all
subgroups of rank 1 in A are cyclic.

Proof. Since A is p-minimax a subgroup of rank 1 in A must be either cyclic or isomorphic to Q,. Assume that the
latter case occurs. Then there exists a sequence (z;);en of nonzero elements of A such that px,11 = x; for all i € N.
Now g = Abi, + pcin + vay for some positive integer n and A, p,v € Z. Elements of A/U = A/(ay) are uniquely
divisible by p; it follows that for all 7 € N there exists v; € Z such that x; = Aby n4s + pc1 nts + v5a1. Then

i = PTit1 = APD1npit1 + UPC1n+id1 + DVit101 = Ab1 nti + 1C1nti + (AB1n4i + WY1 0+ + PVig1)an
and so

Vi — PVit1 = AB1n+gi + UV nti
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for alli € N. Then v = vy = >, (v — PUi1)pt = A ien Bintipt + B ien Y1.n+i P, hence

Py = )\<51 Sﬂupi) +u(71 ??z_:lvup’).

1= 1=

Since 1, 81 and ~; are linearly independent this yields A = p = 0 = v, that is, g = 0, a contradiction. O

We mention that the converse of Lemma 3.3 also holds (if 1, $; and 7 are linearly dependent then A has a subgroup
isomorphic to Q,), although we will not make use of this observation.

Lemma 3.4. Assume that {81, 82,...,8r, 71,72, -, } is algebraically independent (over Z) and has cardinality 2r.
Then all subgroups of rank r in A are finitely generated.

Proof. To start with, we claim that if V' is a proper, pure subgroup of U the group A/V still satisfies the hypothesis
of the lemma, for suitably defined parameters. For, denote by bars images modulo V. Then U is freely generated by
elements uy, ug, ..., us, say, and a; = Z;zl tiruy for all j, where (¢;;) is an integer matrix of type r x s and rank s.
At the expense of permuting the subscripts j in {1,2,...,r} and suitably redefining the basis elements u;, we may
assume that the first s rows of (¢;,.) form a lower triangular matrix of rank s. For all i € N

sz+1 *b +Zﬂjla] *b +Zﬁjz<ztﬂcuk> *b +22ﬂ]1 kUK *b +Zﬂ]muk>

k=1j5=1

having set 5}, = ijl Bjitjr. For all k € {1,2,...,s} let By = >,y Bi;p'; then B = ijl tjxB;. In a similar
fashion we define the integers 7}, = E;Zl 7vjitjx and the p-adic integers v; = >,y v;;p" in such a way that pc; 11 =
G + > ney Viuk for all i € N. We have to prove that {8}, 55,...,8:,77,75,...,72} is an algebraically independent
set (over Z, or equivalently Q) of cardinality 2s. To this end, assume the equality Y cuv [[1—; 85" 75" = 0, where
the sum is intended to be taken over a finite set of pairs (u, v) each u = (uy,...,us) and v = (v1,...,vs) being an
s-tuple of non-negative integers, and the ¢y, are integers. We have to check that all Cuv are zero. We have

0= ZCUV H ﬁ*w P= ZCUV H (Ztﬂcﬁj) ' (zi:tjij)vk- (1)

kel =1

Arguing by contradiction, assume that (1, V) is maximal subject to cag # 0, with respect to lexicographic order.
Look at the occurrences of “monomials” A H;Zl ij 'y;?j (with A € Z) in the formal expansion of the right-hand side
of (1). Assume that (u,v) is such that this monomial occurs in cuy [[p—; (3"5—; tx85) "™ (305=1 tjxy;)"* and cuy # 0.
Recalling that t;, = 0 if j < k < s we observe that 8; does not explicitly appear (with nonzero coefficient) beyond
the first factor, and this shows that u; > @;. By the maximality of (@, V) it follows that u; = @;. This also means
that the first factor does not give any contribution to our monomial except for the power of 8. Then 55‘2 must occur
in [T5_o(377; tjkB;)"*. As in the previous case, we deduce that us > 12, and hence uz = @y by maximality. By
iterating this argument, we prove that u; = u; for all j < s, hence u = u. The same argument shows that v = v.
P ZJJF{)". Since all
tj; are nonzero, the algebraic independence of {1, B2, ..., Br, 71,72, - ., 7} shows that cage = 0, a contradiction. Now
our claim (in the first line of our proof) is justified; it shows that when needed in the proof we can factor out from A
proper, pure subgroups of U.

Another reduction argument is as follows. Let n,m € N and p, A € Z ~ {0}. For all i € N, let b = Ab;j1p,
and ¢f = pcitm, and for all j € {1,2,...,7} let B, = NBjisn and 7}, = pyjipn. Then pbj,, = bf + 377, B},a;

and pef g = ¢f + 305 vja; for all i € N Also, for all j, fF = 3, Brp' = (A/p") (Bj _Z?;Ol ﬁjtpt) and,

similarly, 77 1= > ;o ’yj’-‘ipi = (u/p™) (’yj - 2?2)1 'yjtpt). It follows that {85, 85, ..., B85, v1, 75, - .., 7. } is algebraically
independent of cardinality 2r. Therefore we may replace A with A* = U + (b}, ¢} | i € N), obtaining a group in which
Ab,, and pcy, play the roles of by and co—note that A/A* is finite. Furthermore, if u = 23:1 Uja;,v = Z;Zl vja; €U
then we may replace by with by + v and ¢y with ¢y + v leaving the remaining b; and ¢; unaltered. The only change
needed is redefining B0 as Bjo — u; and ;0 with vjo — v; for each j, and hence 8; and v; as 8; — u; and v; — v,
respectively.

Now let H be a subgroup of A which is not finitely generated. We have to show that r(H) > r or, equivalently,
ro(A/H) < 1. There is no loss in replacing H with its pure closure in A, so we shall assume that H is pure. It is
obvious that rg(A/H) < 1if U < H, so we may exclude this case. In view of the previous paragraphs, we may factor
out HNU, so we assume H NU = 0. Then H is isomorphic to a subgroup of A/U ~ Q, & Q,. Let X be a subgroup
of rank 1 in H. Choose any V < U such that U/V ~ Z; then A/V satisfies the hypotheses of Lemma 3.3 and so
X ~ (X +V)/V is cyclic. Thus all rank-1 subgroups of H are cyclic. We deduce that r(H) = 2; more precisely H is
an extension of a cyclic group by Q,. It also follows that A/(U + H) is periodic. Now we have ro(A/H) =r(U) =,
so we only have to show that r = 1.

Therefore our monomial occurs in the expansion of (1) exactly once, with coefficient A = cgg []}
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Since A/(U + H) is periodic there exist A € Z and v € H such that A # 0 and z := Acp +u € H. Now let X be the
pure closure of (x) in H. Write | X : (z)| as p"t where n,t € N and p does not divide t. Then there exists h € X such
that = k" and (h) is p-pure in H and hence in A. By uniqueness of division by p™ in A/U, we have h = Ac,.
Therefore h = Ac,, + v’ for some w' € U. At the expense of substituting & for ¢y (see the reduction arguments above),
we may assume that (co) is p-pure in A and contained in H; the same applies for (by).

Thus the elements of H/{cy) are uniquely divisible by p. Therefore there exists a sequence (h;);cn of elements
of H (uniquely defined modulo (co)) such that hg = by and phi11 =(,) h; for all i € N. Now, for all i € N we have
pi(h; — b;) € U+ {co), and the set of all elements of A of order at most p* modulo U + {(cq) is U + (c;). It follows that,
for all ¢ € N, we have:

hi = b; + pici + ug; phit1 = hi + Tico;
for some integers pu;, 7; and u; € U. Expanding the equation on the right yields:
P(bit1 + piy1Cip1 + uir1) = b + pici +u; + Tico

and hence

(Hit1 — pa)ei + Z(ﬁji + [it1Yji + PUG i1 — Uji)aj = TiCo, (2)

j=1

where we let u; = Z;Zl uj;a; for all i. Projecting this equality modulo U gives (pi41 — pi)ci =v 7ip'c;, that is,
i1 — Wi = 7;p" for all i € N. Now, o =0, as hg = by, hence

1
t
Hit+1 = Zﬁp .
t=0

Going back to (2) we now have (piy1 — pi)e; = Tip'ei = Ti(co + 25—y S iZovjepta;). Then, for each i and j, after
letting 4j; = S 1o vjep' we have:
Y5 + Bji + Hit1Vji + PUji1 — ugi = 0. (3)
Now,

%
> mipvin' =Y ( Ttpt> ot = mplyipt =Y (v — A0
0

ieN ieN \i¢= t,i€N; t<i teN
hence, by multiplying the left-hand side of (3) by p and summing over N we obtain:

0= Z T’ + By + Z pip1vjip’ + Z(puj,i+1 — u;i)p' =T + Bj — ujo. (4)
i€N i€N i€N
Assume for a contradiction that r > 1. From the two equations obtained from (4) for j = 1 and j = 2 we deduce:

(B1 — u10)y2 = (B2 — u20)71,

which contradicts the algebraic independence of {f1, 52, ..., 8r, 71,72 .-, This contradiction shows that r = 1,
and ultimately that A has the required property. The proof is complete. (Il

Lemma 3.5. Let p be a prime and G a direct product of a finite number n > 1 of copies of Cp~. Let P be a countable
set of subgroups of G' isomorphic to €, and let X be a set of elements of the socle G which are linearly independent
over Z,. Then G has 2% subgroups K such that K N X = @ and G = PK for all P € P.

Proof. The proof is by induction on n. If X has at least two distinct elements, a and b, then let y = a~'b, otherwise
we define y as an element in the socle of G not in (X). In either case G has 2% subgroups Y =~ €, such that y € Y,
and hence Y N X = @. Let Y be the set of all such Y which are not in P, hence |Y| = 280 If n = 2 then all elements
of Y satisfy the requirement for K, so we may assume n > 2. Fix one Y € Y. Use bars to denote images modulo Y.
Then X is a linearly independent subset of the socle of G (with |X| = |X| — 1 if |X| > 1). Also, P ~ Cpe for all
P € P. Therefore, by induction hypothesis, there are 2% subgroups K/Y of G such that KN X = @ and KP = G
for all P € P. For each such K we have K N X = &; moreover G/K =~ €, and, for all P € P, P £ K and hence
PK = @. The proof is now complete. O

We are now in a position to prove Theorem 3.1.

Proof of Theorem 3.1. Let A be a torsion-free abelian group of rank n which is an extension of a free abelian group
of rank 7 := n — 2 by Q, ® Q, and such that all subgroups of rank n — 2 in A are finitely generated. Lemma 3.4
(or, for n = 3, Lemma 3.3) makes sure that such groups do exist for every choice of n > 2. Any such group A4
has a presentation of the form described in the first part of this section, with relations as in (R), so we retain the
same notation introduced there. We also let F' = (aj,bg,co |1 < j <r) < A. Then F is free abelian of rank n and
AJF >~ Cpoo X Cpoo.

If B is a pure subgroup of rank n — 1 in A then rp (B) = 1, for rpe (B) = 2 would imply that B has a subgroup
of rank n — 2 which is not finitely generated. Then B satisfies CMS by Lemma 2.3. Now, every subgroup of A of
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rank n — 1 is contained in a pure subgroup of the same rank. But A has countably many pure subgroups only, each
being the pure closure of a finite subset of A. It follows that the set of all subgroups of rank n — 1 in A is countable.

We shall compute the Schur multiplier M(A) of A. As usual, we identify M (A) with AN A = (A® A)/D,, where
Da=(z@z|recA)y<AR®A,andforall z,y € Awelet tAy= (z®y)+Da. Forall j,h € {1,2,...,r} and i,k € N
we let

Uj; = az N b; Vj; = ag A Cg; Wik = b; N\ cg; Zjp = aj N ap.

These elements generate M(A): note that, for all i,k € N, if i > k we have by = p'~*b; — u for some u € U =
(a1,az,...,a.), hence b; A b = u A b; and a similar argument works for ¢; A c,. More explicitly, we will make use of
the formulae:

bi AN b() = bz A\ (plbl — Z ijiaj) = Z ijiuji and7 Similarly, c;, \Ncyg = Z chivji7 (5)
J=1 Jj=1 J=1

Since A is torsion-free, for all B < A the natural map M (B) — M (A) induced by inclusion is injective (see [2], p. 520,
Corollary), which allows us to identify M (B) with the subgroup (z Ay | x,y € B) of M(A), as we shall do from now
on. After this identification we have that M (F') is free abelian on the basis {u;o, v;0, %r0, Vro, Woo, Zjn | 1 < j < h <r}.

Let Z = (zjn |1<j<h<r)and E = Z + (uj;,vj; |i,j €N, 1 <j<r). As before, for all i,k,¢/ € N, from
p'bire =p b; we obtain pfw;ye k. = (p'bire) A ck =g b; A ¢k = wiy, and, similarly, p‘w; k10 =g w;y; thus

where we have let 0;; = Zifl Bjtpt and 0.; = Z;;é Yjipt.

/ _ _
P Witk =F Wik =E P Wi k44
As a further consequence, each of w;j, wr; and w; g0 is congruent to pi+kwi+;€,i+k modulo F, hence
Wik =F Wki =F Wi+k,0-

It follows that M(A) = E + (w;o | ¢ € N). Now, the usual relations easily give, for all i € N and j € {1,2,...,r},
PUji+1 =2z Ujis DPVj,i+1 =27 Vji; PWi+1,0 =E Wio-

Since the 2r + 1 elements wujo, vjo and wgo are independent modulo Z, it follows that E/Z is the direct sum of 2r
copies of Q, and M(A)/E ~ Q,. But Ext(Q,,Q,) = 0, hence M (A) splits over E modulo Z. Therefore M(A)/Z is
the direct sum of 2r + 1 copies of Q,. Now, Z < M(F), and it follows that M (A)/M(F') is the direct sum of 2r + 1
copies of Cpee.

Let P ~ Cp, viewed as a trivial A-module, assume that a subgroup K of M(A) is given such that M(A)/K ~
Cpe and fix an epimorphism §: M(A) — P such that K = ker€. The Universal Coefficients Theorem (see [12],
11.4.18; [15], Ch. 5) yields a natural isomorphism H?(A, P) ~+ Hom(M (A), P), so there exists a central extension

P < G = A where the commutator map A x A — P induces £. More explicitly the resulting group G will be such
that [z,y] = (z¥ Ay¥)¢ for all 7,y € G. Thus P = G’ < Z(G), and the choice of K in M(A) determines centralizers
in G. We shall see that it is possible to choose K in such a way that all abelian subgroups of G are finitely generated
modulo P and, as a consequence, that there are only countably many of them.

If H is a subgroup of G with torsion-free rank less than n — 1, then HP/P is finitely generated, because of the
properties required for A. Next we consider the case when H has torsion-free rank n — 1. In M(A), let 8 be the set
of all subgroups of the form M (B) where B is a subgroup of A which has rank n — 1 and is not finitely generated. If
we assume that K is chosen in such a way that the following condition is satisfied:

(K1): S+ K =M(A) for all S €8,

then, for all H < G such that HP/P is not finitely generated and has rank n — 1, we have H' = P, so that H is
not abelian. Indeed, if H is such a subgroup, then M(H") € §, because HY ~ HP/P, so that if (X;) holds then
H' = M(H")S = M(A)¢ = P (recall that K = ker¢).

To discuss subgroups of rank n modulo P we observe that if the following holds:

(ng): M(F)—&—(u]l|1§j§r>§Kandw10§§K,

then Cq(Fy) = Fy, where Fy is the preimage of F under v. For, let X = {z € A|xAF C K}. Then X = (C¢(Fp))",
so the required conclusion is equivalent to X = F. Assume that (X3) holds. Then F C X and we only need to check
the reverse inclusion. Let x € X. Then z = f + Ab; + pc; for some f € F and ¢, A\, u € N. To prove that x € F' we may
well assume f = 0. Also, at the expense of redefining i, we may assume that at least one of A\ and p is not divisible
by p. Since A/F is a p-group, we may further assume that A and p are coprime. The following elements are in K for
all j; we use (5) to compute them:

r r
Q; Nx = )\uji + HUj43 bo AT =—A Z Hbjiuﬁ + HWo;s Co Nx = _)\in — /JZ gcjivji' (6)
j=1 7j=1
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Now,

T T
wo; = by A ¢; = (pibi - Z%i%‘) Nei = (bi Ap'ei) =D Oyjivgi
=1

j=1

= (bi A (Co + Z chiaj)) - Z Oyjivji = wip — Z(chiuji + Objivji).
=1 =1 1

j=

Modulo K, the equalities in (6) yield Au;; = —pw,; for all j and hence

O=byANz= M( Z Opjiv5i + wm) = M(wio - Z ecjiuji)
=1 =1

T
=—cgNx = )\(’LUZ‘() — Z QCjiuji).
j=1

Now, A and p are coprime, therefore w;g =k 22:1 Ocjiuji. But, by (Ka2), wio has order p* modulo K, while the
element on the right has smaller order, unless ¢ = 0. Therefore ¢ = 0, that is, x € F'. Thus our claim is established.

Next we show that the consequence Fy = Cq(Fp) of (X2) in turn implies that all abelian subgroups H of G with
torsion-free rank n are finitely generated modulo P. For, assume H < G and ro(H) = n. Then Fj < H for some
positive integer A, hence [H*, Fy] = [H, F] = 1. Therefore H* < Cg(Fy) = Fy and so HP/P is finitely generated.

Summing up the argument thus far, we have proved that if K is chosen in such a way that both (X;) and (X2)
are satisfied, then all abelian subgroups H of G are finitely generated modulo P. In this case there are just countably
many abelian subgroups of G containing P. Moreover, each of them satisfies CMS, by Lemma 2.3, and it follows that
the set of all abelian subgroups of G is countable. Clearly, G ¢ (CMS), because rp~(G) = 3.

Therefore, to complete the proof of Theorem 3.1, we only need to show that M (A) has a subgroup K such that (K1)
and (X3) hold. To this aim, we first look at the structure of the subgroups of M (A) in the set 8. We know that M (A)
is an extension of the free abelian group W := M(F) + (u;1 | 1 < j <) by the direct sum of 2r + 1 copies of Cpee.
Let B be a subgroup of A which has rank n — 1 and is not finitely generated. As is well-known, M (B) has rank (”;1),
hence it is not trivial. All subgroups of rank n — 2 in B are finitely generated, hence B has no infinite cyclic quotients,
that is, Hom(B,Z) = 0. Therefore Hom(B ® B,Z) ~ Hom(B,Hom(B,Z)) = 0, and so Hom(M (B),Z) = 0, since
M (B) is an epimorphic image of B ® B. Tt follows that M (B) is not finitely generated, hence M (B) + W/W has at
least one subgroup isomorphic to €,~. Having chosen one such subgroup for each B, let P be the set that they form.
Note that P is countable, because A has only countably many subgroups of rank n — 1. Now apply Lemma 3.5 to the
group M (A)/W to produce a subgroup K of M(A) containing W such that wo; ¢ K and P(K/W) = M(A)/W for
all P € P. Then K satisfies (K2) and also (X;), since every S € 8 contains the preimage modulo W of some P € P.
Thus the proof of Theorem 3.1 is complete. O

It turns out that all subgroups of torsion-free rank n — 1 in the group G just constructed (in the case when both
(X1) and (X2) hold) satisfy CMS.

For, let H < G and assume ro(H) =n—1. If L < H and L' is infinite then P = L’ < L. As remarked in the course
of the proof, all subgroups of rank n — 1 in A satisfy CMS, hence H/P € (CMS). Thus H has at most countably many
subgroups with infinite derived subgroup. Now assume that L < H and L’ is finite. Then L/Z (L) is finite. We showed
that all abelian subgroups of G are finitely generated modulo P, hence LP/P is finitely generated. As rp(LP) =1,
we also have LP € (CMS). It follows that there are only countably many possible choices for L, therefore H € (CMS).

Now, G has subgroups H such that ro(H) =n — 1 and r,~ (H) = 2, for instance those such that P < H and H/P
is a pure subgroup of G/P of rank n — 1. This proves Proposition 3.2. O

We close the paper by observing that the groups constructed to prove Theorem 3.1 when n = 3 are of the least
possible ranks. We make use of an elementary and certainly known lemma.

Lemma 3.6. Let G be a nilpotent group. If G/Z(G) has finite rank and G’ is finitely generated, then G/Z(G) is
finitely generated.

Proof. Arguing by induction on the nilpotency class of G, we may assume that G /Z»(G) is finitely generated. Assume
that G/Z(G) is not finitely generated, then we can let A := A/Z(G) be a subgroup of minimal rank in Z»(G)/Z(G)
subject to not being finitely generated. Then A has no infinite cyclic quotients. Let = € G. Since A/C4(x) ~ [A, ]

is finitely generated and isomorphic to a quotient of A, we see that [A, 7] is finite. Hence [A",x] = [A, 2]" = 1, where
n is the order of torsion subgroup of G’. But then A™ < Z(G), so that A has finite exponent and is therefore finite.
This contradiction completes the proof. (I

Proposition 3.7. Let G be a soluble-by-finite in which all abelian subgroups satisfy CMS. If1o(G) < 2 or rp (G) < 2
for all primes p, then G € (CMS).
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Proof. By Corollary 2.13, there is no loss in assuming G nilpotent. The already quoted theorem of Baer, shows that G
is minimax; we may further assume that it is a counterexample with the least value of m(G) = 1o(G)+>_, rime Ie= (G)-
Next, G has a section isomorphic to €pe X Cpeo for some prime p; from our minimality assumption it follows that
G has a quotient, say G/N, of this type and that G is p-minimax. Of course, N is infinite, hence N N Z(N) has a
subgroup U, which is either infinite cyclic or isomorphic to Cpee. But G/U ¢ (CMS), hence, by minimality, G/U has
an abelian subgroup A/U ¢ (CMS). We may well substitute A for G and assume G’ < U. If G’ is cyclic then G/Z(Q)
is finitely generated by Lemma 3.6, then G = NZ(G) and Z(G) has a quotient isomorphic to Cpee x €pee, which is
excluded by the hypothesis. Therefore G’ =~ €, , hence r,(G) > 2 and then ro(G) < 2. Let H be an infinite cyclic
subgroup of G and K be the isolator of H in G. Then G’ < K. If V/G’ is a locally cyclic subgroup of K/G’ then V is
abelian, hence V satisfies CMS and 1, (V') = 1; but this means that V/G’ is cyclic. It follows that K/HG’ is finite,
so that rpe (G/K) > 1. But G/K is a torsion-free abelian group and ro(G/K) < 1; thus we have a contradiction and
the proof is complete. ([
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