EQUIVARIANT WAVE MAPS

MICHAEL STRUWE

1. INTRODUCTION

1.1. Wave maps. Let (IV,h) be a complete, smooth Riemannian manifold of di-
mension k with ON = (). Usually we will assume N to be compact. The Nash
embedding theorem always permits to regard IV as a submanifold of some Eu-
clidean space R™. The projection 7y taking a point p € R™ to its nearest neighbor
mn(p) € N then is uniquely defined and smooth in a tubular neighborhood of N.

The concept of a wave map to the “target” manifold N generalizes the standard
wave equation. Denote space-time coordinates on (m + 1)-dimensional Minkowski
space R™T1 as z = (t,z) = (2),0 < a < m. For a (C'-)map u: R™Tt — N «— R»
and a space-time domain @) let

(1) L(u,Q) = %/an‘u - Oqu dz,

denote the Lagrangean action of v on Q. Here, 0, = a%? moreover, we raise and
lower indices with the Minkowski metric (n,4) = diag(—1,1,...,1) and we tacitly
sum over repeated indices. Finally, we use the standard Euclidean inner product
to compute the expression 0%u - Jyu.

Given a vector field ¢ € C§°(R™T1;R"), we may use 7y to define a 1-parameter
variation of the map u through maps u. = mn(u +e¢): R™* — N for |¢| < g
with

0

(2) %

and such that u. = u outside the support of ¢.

ue = dmy (u)p
e=0

Definition 1.1. The map u is a wave map if u is stationary for L in the sense
that

(3) 0

% L(UE,Q) =0

e=0

for any variation u. of u defined via a vector field ¢ € C5°(R™1;R™) as above and
any open bounded @ such that supp(y) C Q.

For a wave map u of class C? we may integrate by parts to compute

0 Lue, Q) = /Q@au <O (drn (u)p) dz = /Qdm(u)(aaaau) cpdz .

@ 5

e=0
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Since p € C§°(R™T1); R™) is arbitrary, we conclude that

(5) D0qu = dmy(u)(0%0qu) = 0,

with D denoting the pull-back of the covariant derivative on N. Equation (5) is
independent of the embedding of N and may also be interpreted intrinsically.

Observe that in the case when N = R we have 7y = id and equation (5) simply
is the standard wave equation

Ou = —0%qu = ugr — Au =0,
where u; = dyu and with A = Y"7" | 02 the spatial Laplacian.
Geometrically, equation (5) can easily be interpreted as saying that
(6) Ou 1L T, N.

Thus, in the case when N = S* < R*¥+1 equation (5) takes the form Ou = Au for
some scalar function A. Taking account of the fact that |u|? = 1, we compute

A=0u-u=—0%0au-u)+ 0ot -0u = Ogu - 0% = |Vu|* — |u|?
and thus find the equation
Ou = uy — Au = (|Vul* — Jue[*)u
for a wave map u: R+ — §F < RF+L

For an arbitrary closed hypersurface N C R™ with unit normal vector field v,
letting w = v o u and observing that w - 9%u = 0, likewise from (6) we have the
equation (Ju = A\w for some scalar function

A=0u-w=—-0% 0qu-w)+ dou - I%w = Jpu - 0%w.

With B(p): T,N x T,N — (T, N)* denoting the second fundamental form of N C
R™ at p € N, thus we obtain the extrinsic form of the wave map equation

(7) Ou = Aw = wiau - 0%w = v(u)(Oqu - dv(u)0%u) = B(u)(0%u, Oyu).

In components u = (u', ..., u") and again using the fact that w/d,u’ = w-0%u = 0,

following Hélein [7],and Riviere [17] we can also write this as
(8) Ou’ = w'dpw’ dpu’ = (wiaawj — wjﬁawi)aauj = Qg@auj, 1<i<n,

with an anti-symmetric 1-form Q = (Q%) = Q,dz®, and similarly for arbitrary
codimension of V.

Note that from any solution u to equation (5) or (7) we can obtain further
solutions by scaling u®(¢, ) = u(Rt, Rz) with a constant R > 0.

1.2. The energy identity. The geometric equation (6) immediately implies the
conservation law

9) 0=wuy -Ou= %e(u) — div(Vu - uy)

for the energy density and density of momentum
|ue]? + [Vu?

1
e(u) = §|du|2 = 5 , m(u) = Vu - uy.
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Since clearly |m(u)| < e(u), from (9) it follows that

(10 /{t}XBR(mo) elult)ds < /{O}XBR-H(-TO) elult))de

for all zp € R™, R > 0, and t > 0. In particular, energy will spread with speed
at most 1, and u(t) will have compact support for any ¢ whenever u(0) and u:(0)
have this property. In this case then, upon integrating equation (9) over the region
[0,¢] x R™ we find the identity

(11) BGu(t) = [ elut)de = E@(0).
{t} xR™
This H'-energy is the only quantity known to be conserved in general.

1.3. The Cauchy problem for wave maps. We study the Cauchy problem for
wave maps with initial data (u,u¢)|,_, € H* x H*"'(R™;TN), where H® for any s
denotes the homogenous Sobolev space. In view of the invariance

||(u7ut)|t=0||H% XH%il(R”L;TN) = ||(uRauﬁ)\t=o||H% XH%il(R”L;TN)

under scaling uf(t,z) = u(Rt, Rx) the H% x H% ~l-regularity is critical.

In a long quest towards the full resolution of this problem, finally the initial
value problem for (5) was shown to be globally well-posed for initial data
(12) (u, )|,y = (uo,u1) € H? x H2 1(R™;TN)
that are small in the critical norm.

The break-through was achieved by Tao [27], [28] in the case when N = S*,
first only for m > 5 and finally for all m > 2. For m > 5, by a variant of Tao’s
method, Klainerman-Rodnianski [10] were able to extend his results to general
targets. These results rely on sophisticated microlocalisation techniques and seem
highly technical. Independently and almost simultaneously with [10], jointly with
Shatah [21] we established well-posedness in any dimension m > 4 and for any
complete Riemannian target manifold N with bounded curvature. Moreover, our
proof proceeds directly in configuration space and does not require any tools from
harmonic analysis other than the Strichartz estimates and its recent improvement
by Keel-Tao [9]. Similar results are due to Nahmod - Stefanov - Uhlenbeck [16]. In
the low-dimensional cases 2 < m < 3 global well-posedness of the Cauchy problem
for (5), (12) for initial data of small critical energy was obtained by Krieger [12],
[13] for wave maps u: R™*1 — H? to hyperbolic space H?, and, finally, by Tataru
[33] for general targets. Previous work of Tataru [31], [32] already had shown the
problem to be well-posed for initial data of small energy in a critical Besov space.

For completeness, we recall our results with Shatah [21] in Appendix B.

1.4. The two-dimensional case. Since the H!-energy is the only known con-
served quantity for the wave map system, the case when m = 2 is particularly
interesting. In this dimension the H!-energy is critical and one may hope to obtain
also global results and a characterization of singularities. Indeed, this is possible in
the case of co-rotational wave maps from (1 + 2)-dimensional Minkowski space into
a target surface of revolution and for rotationally symmetric wave maps on R'*2.
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In the following we review the known results in these cases and describe some
recent improvements.

2. CO-ROTATIONAL WAVE MAPS

2.1. The co-rotational setting. Let N be a surface of revolution with metric
ds® = dp® + g*(p)do?,

where § € S and with g € C*°(R) satisfying g(0) = 0, ¢’(0) = 1. Moreover, we

assume that g is odd and either

(13) g(p) > 0forallp>0

with

(14) Aﬁmmw:w,

or, if N is compact, that g has a first zero p; > 0 where ¢'(p1) = —1, and that g is
periodic with period 2p;. Note that in this second case assumption (14) is trivially
satisfied. The case (13) corresponds to non-compact surfaces; condition (14) is a
technical assumption needed to rule out that N contains a “sphere at infinity”.

We regard (p,0) as polar coordinates on N. Letting (r,¢) be the usual polar
coordinates on R?, we then consider equivariant wave maps u: R x R2 — N given
by

p=h(t,r),0 = ¢.
The equation (5) or (7) for a wave map u: R**! — N in this co-rotational case
simplifies to the nonlinear scalar equation

f(h)

r2

(15) Oh + 0,

where 1 A
Oh = hyy — Ah = hyy — = (rhy), = hu = hyr — =
T T

and with f(h) = g(h)g’'(h). If N = S2, for example, we have g(h) = sin(h) and
£(h) = Lsin(2h

2.2. Results. In [22], Shatah and Tahvildar-Zadeh showed that the initial value
problem for (7) with smooth equivariant data
(16) (uv ut)\t:o = (UO, ul)

of finite energy admits a unique smooth solution for small time, which may be
extended for all time if the target surface N is geodesically convex.

The latter condition is equivalent to the assumption g’(p) > 0 for all p > 0. This
condition was later weakened by Grillakis [4] who showed that it suffices to assume

(9(p)p)" = g(p) + ' (p)p > 0 for p> 0.
Note that this hypothesis, in particular, implies conditions (13) and (14).

!/

In [24] we improve these results and show that conditions (13) and (14) already
suffice for proving global well-posedness of the Cauchy problem for (15). In fact,
we show that for general target surfaces N satisfying (14) the appearance of a
singularity in (15) is related to the existence of a non-constant harmonic map
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u: S? — N, thereby confirming a long-standing conjecture about wave maps in this
special, co-rotational case. But if N also satisfies (13), any co-rotational harmonic
map u: S? — N is constant, and global well-posedness follows.

On the other hand, when N = S? on the basis of numerical work of Bizon et
al. [1] and Isenberg-Liebling [8] it had been conjectured that for suitable initial
data equivariant wave maps u: R x R? — S? indeed may develop singularities in
finite time. In a penetrating analysis, Krieger-Schlag-Tataru [14] and Rodnianski-
Sterbenz [18] recently were able to confirm this conjecture also theoretically and
give a rigorous proof of blow-up.

2.3. Blow-up criterion. By the results of Shatah-Tahvildar-Zadeh [22] singular-
ities of co-rotational maps may be detected by measuring their energy

Bt R) =5 [ o IDuOP

with |Dul? = |u|? 4+ |Vu|?. In terms of h = h(t) we have

2

R 2
E(u(t),R) = 77/0 (|Dh)* + gr(h)) rdr.

We also let
E(u(t)) = thnoo E(u(t), R).

By [22] there exists a number g9 = g¢(NN) > 0 such that the Cauchy problem for
co-rotational wave maps for smooth data with energy E(u(0)) < €¢ admits a global
smooth solution. By finite speed of propagation, similarly we obtain well-posedness
of the Cauchy problem for time ¢ < R, provided E(u(0), R) < €p.

Conversely, let u: [0,#9[xR?> — N be a smooth co-rotational wave map. Then
zo = (t0,0) is a (first) singularity and ¢¢ is the blow-up time of v if and only if there
holds

1 inf FE —t) > .

(17) onf (u(t),to —t) > €9 >0
In fact, for any map u satisfying (17) the space-time gradient Du cannot be bounded
near the origin (0,0). On the other hand, negating condition (17) we can find a
time ¢t < ty such that

E(U(t), R) <éo

for some R >ty —t and the results quoted above will allow us to extend u smoothly
as a solution to (5) on a neighborhood of zg = (o, 0). Observe that, by symmetry,
u can only blow up at the origin.

2.4. Characterization of blow-up and well-posedness. We can now state the
main result from [24].

Theorem 2.1. Let u be a smooth co-rotational solution to (7) blowing up at time
to. Then there exist sequences R; | 0,t; T to(i — 00) such that

ui(t, ) = u(t; + Rit, Rix) — uoo(t, x)
strongly in Hlloc(] — 1,1[xR?), where us is a non-constant, time-independent so-

lution of (7) giving rise to a non-constant, smooth co-rotational harmonic map
u: S? — N.
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As a consequence, for target manifolds that do not admit non-constant co-
rotational harmonic spheres in [24] we obtain global existence of smooth solutions
to the Cauchy problem (7), (12) for smooth co-rotational data.

Theorem 2.2. Suppose N is a surface of revolution with metric ds®> = dp* +
g%(p)d0? satisfying (13) and (14). Then for any smooth co-rotational data the
Cauchy problem (7), (12) admits a unique global smooth solution.

As we shall see below, similar results also hold true in the case of radially sym-
metric wave maps u = u(t,r) from R'*2 to an arbitrary closed target manifold;
confer [25], [26].

We now recall the proofs of Theorems 2.1 and 2.2.

2.5. Notation. Let u: [0,%[xR* — N be a smooth co-rotational wave map blow-
ing up at time to and let h = h(t,r) be the associated solution of (15).

For convenience we shift and reverse time and then scale our space-time coordi-
nate z = (¢,x) so that in our new coordinates u is an equivariant solution to (7) on
]0,1] x R? blowing up at the origin.

Letting

K" ={z=(t,2);0 < |z| <t < T}
be the forward light cone with vertex at the origin, truncated at height 7', with
lateral boundary
MT = {(t,x) € K[| =},

we also introduce the flux

1 T 2
Flux(u, T) = 5/ |Dlluf* do = 7T/ (|ht + he|* + g (h)) |f:T7“dr.
MT O L

r2

Here, | D!lu|? denotes the energy of all derivatives in directions tangent to M7,

2.6. Basic estimates. We recall the energy bounds and decay estimates for (7)
from [22]; these can also be found in [20], Chapter 8.1. Upon integrating the
conservation law (9) over a truncated cone K70 \ KT for 0 < T < T < 1 we then
find the identity

1
/ edm+—/ |D”u|2d0:/ edr.
{T}yx Br(0) 2 Juro\mr {To} x Br, (0)

From this we deduce the energy inequality
(18) E(u(t), R) < E(u(t + 1), R + 7).
for any t,7, R > 0. (Of course, in the present case we only consider values such
that 0 <t,t+7 <1.)
Moreover, we conclude that
lim edz
T STy Br(0)
exists and we have decay of the flux

(19) Flux(u,T) - 0as T | 0.
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Condition (14) together with the energy inequality implies the uniform bounds
(20) sup |h(t, )| < C(E(u(t),R)) for any R >0

for the function h associated with u, where C(s) — 0 as s — 0. Indeed, let

/Ig )| dp.

Since (14) implies that G(s) — oo as s — oo it then suffices to estimate
R

R
G(|n(t, R)[) (G(Ih(tw)l)rdrﬁ/o |lg(h(t, ))|[her (8, 7)| dr

0

<

R 2 r
Aqwui%ﬁwwgmwmy

DN =

Moreover we have ezterior energy decay: For any 0 < A < 1 as ¢t — 0 there holds

(21) E(u(t),t) — E(u(t), At) —
An immediate consequence of (21) is the decay of time derivatives: Suppose that
N satisfies (14). Then

1
(22) —/ lug|*dz — 0as T — 0.

T KT
These estimates seem particular to the equivariant setting. The (lengthy) proof of
(21) and the derivation of (22) are given in the appendix.

Finally, as is also well-known, in view of the uniform energy bounds (18) above,
we have uniform Hoélder continuity away from x = 0.

Lemma 2.3. For any ro > 0, any (t,r) and (s,q) with 2rg < ¢ <s <t <1,2rg <
r <t there holds

(23) |h(t,r) = h(s,q)|* < C(Ir — q| + |t — s])
with a constant C depending only on the energy E(u(1),1) and ro.

Proof. Given rg > 0, for any ¢t and rqg <1’ < r <t < 1 by Holder’s inequality and
(18) we have

r 2 o r
|h(t,7) — h(t,r"))* < </ |hr|dr”> <! ,7" / he|? " dr'" < O
! T !
while for any s < ¢ and rq < 7’ < s we find

|h(s,r") — h(t,r")]? < </ GRS |dt>

Combining these inequalities, for any (¢,7) and (s,q) with 2rg < ¢ < s < t <
1,2rg < r <t and any ' with 79 < ¢/ <7y :=inf{q,r} we find

/

To

', )" dt'.

ot ) t— t
h(t,r) — (s, q)? < L L7 1o 5/ (7)) [2 7 dt.
To To s

Taking the average with respect to r’ € [r; —min{ro, |r —q|+ |t — s|}, 1], we obtain
the claim. 0
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2.7. Proofs of Theorems 2.1 and 2.2. Fix a number ¢; = ¢;(N) > 0 to be
determined below. For 0 < ¢ < 1 then choose R = R(t) > 0 so that

(24) g1 < E(u(t),6R(t)) < 2e;.

Applying the energy inequality (18), for any || < 5R we have
(25) E(u(t+71),R) < E(u(t),6R) < 2e;

and similarly

(26) e1 < E(u(t+7),6R+|7]) < E(u(t+7),11R).

We will choose €7 so that 261 < g9. Then, in particular, from (17) and (24) we
deduce the inequality

(27) 6R(t) <t
for all ¢. In fact, we obtain a much stronger result.

Lemma 2.4. R(t)/t - 0 ast — 0.

Proof. Suppose by contradiction that for some sequence ¢; | 0 (i — oo) with
associated radii R; = R(t;) there holds 6R; > At; for some constant A > 0. Then
from (17) and (24) we deduce that

0< o — 261 < E(u(ti),ti) — E(u(ti), 6Rl) < E(u(ti),ti) — E(u(ti), )\ti),
contradicting (21) for large i € N. O

The following lemma is the main new technical ingredient in our work [24].

Consider the intervals Ap)(t) =]t—R(t),t+R(t)[,0 < t < 1. By Vitali’s theorem
we can find a countable subfamily of disjoint intervals A; = Ag,)(t:),4 € N, such
that ]0,1] C U2, A}, where A} = Asg,)(t;). Observe that (27) implies
(28) inf A: =1; — 5R(tl) > R(tl) =: R;
for each 4. For any 7 > 0 the interval [r, 1] is covered by finitely many intervals A}

which, however, fail to cover ]0,1] completely in view of (28). Therefore, we may
assume that t; — 0 as i — oo.

Lemma 2.5. With the above notations there holds

1
liminf—// lug|? d dt = 0.
1—00 Rz A; Bt(O)

Proof. Negating the assertion, we can find a number § > 0 and an index ig € N
such that

(29) / / |ut|2dxdt > 0R; fori > ig.
A; J B¢(0)

Given 0 < T < inf U, AY, let Iy = {i;inf AT < T} C {ig,i0 + 1,...}. Observe
that
]O,T[C UiEIoA: .
By (28) we have
R; < ll’lfA:< =t;,—bR; < T
and therefore
ti+ R <T+6R;, <T7T
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for all i € Iy. It follows that
(30) Uier, Ai CJ0, 7T

By choice of I, our assumption (29), and in view of (30) we now obtain that

6T<5ZdiamAf:105ZRi<1OZ/A/B(O) g | daz dit

(31) i€lp i€lp i€ly

= 10/ / lug|? da dt < 10/ lug|? dz,
UieryAi 7 Bt (0) KT

where we also used the fact that the intervals A; are disjoint. But for small 7" > 0
this contradicts (22), thus proving the lemma. O

Proof of Theorem 2.1. i) Letting
ui(t,x) = u(t; + Rit, R;x),i € N,

from Lemma 2.5 for a suitable subsequence we obtain

1
(32) / / |0ui|? dx dt — 0 as i — oo,
R 0)

where r; = t;/R; — 1 — 00 as i — oo on account of Lemma 2.4. Relabelling, we
may assume that (32) holds true for the original sequence (u;).

Moreover, the energy inequality (18) implies the uniform bound
(33) E(ui(t),r) < E(u(1),1) =: Ey
for all i € N and |t| < 1.

Hence we may extract a further subsequence such that u; — uo, weakly in H lloc
and locally uniformly away from x = 0 on [~1,1] x R? as i — oo, and similarly
for the associated functions h;. Their limit Ao, then is associated with u., and is a
time-independent solution of (15) away from x = 0. It follows that us (¢, z) = u(x)
is a time-independent solution of (7) on]—1, 1[x (R?\{0}); that is, w: R\ {0} — N
is a smooth, co-rotational harmonic map with finite energy

E(m) = / |Vul? dz < liminf sup E(u;(t),r;) < Ey.
R2

e et

By [19] then u extends to a smooth harmonic map u: R* — N. Since R? is
conformal to S? \ {po} by stereographic projection from any point py € S? and
since the composition of a harmonic map with a conformal transformation again
yields a harmonic map with the same energy, we may thus regard w as a harmonic
map from S?\ {po} to N. Finally, recalling that F(u) < oo and again using [19],
we see that the map u extends to a smooth equivariant harmonic map w: §? — N.

ii) To show that @ is non-constant we now establish strong convergence
Ui — Uoo in HE (] — 1,1[xR?)
as i — oo. Recalling (25), we have

E(ui(t),1) <21, Eus(t),1) <2e
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uniformly in ¢ and [¢| < 1. Hence, from (20) for sufficiently small €1 > 0 the images
of B1(0) under u;(t) or us are all contained in a fixed coordinate system around
the center of symmetry O € N. In addition, we can achieve that

1
(34) sup | B(ug)||ui — uoo| < 7
t],Je|<1 4

uniformly in i € N, provided £; > 0 is chosen sufficiently small.

For any ¢ € C§°(] — 1,1[xR?) with 0 < ¢ < 1 then, upon multiplying the
equation (7) for u; by (u; — uso)p and integrating by parts we obtain

(35) / |D(ui—uoo)|2<pdz < / |B(ui)||Dui|2|ui—uoo|gadz—+—]7
R1+2 R1+2
with error

n<c / (10¢usl?o + | Dusl | — oo || Dip]) dz
R1+2

142

—|—Z|/ OatooOa (U; — Us)pdz| — 0 as i — oo
— Jr

in view of (32) and since u; — uno strongly in L7 . by Rellich’s theorem.

Now we estimate
|Dui)? < 2D (1 — too)|? + 2| Do |
and observe that

/ | Dttoo|?[th — too|pdz — 0
R1+2

as ¢ — 0o by bounded almost everywhere convergence u; — s, and Lebesgue’s
theorem on dominated convergence. Also recalling (34), we thus may absorb the
first term on the right of (35) on the left to obtain that

/ |D(u; — uoo)|*pdz — 0
R1+2
as 1 — 00. Since p as above is arbitrary, this yields the desired convergence u; — o
in HL (] — 1,1[xR2).
But, recalling (26), we also have the uniform lower bound
€1 < E(Ul(t), ].].)

for all i € N and |¢t| < 1 and we conclude that us, # const, as claimed. Therefore,
also @: S%2 — N is non-constant, and the proof of Theorem 2.1 is complete. O

Proof of Theorem 2.2. In view of Theorem 2.1 it suffices to show that any
co-rotational harmonic map %: S2 — N with finite energy is constant. Let @ be
such a map, viewed as a map u: R2 — N. Also consider the associated distance
function p = h(r), a time-independent solution of (15). The image %(S?) being
compact there exists rg > 0 such that

[A(ro)| = max [2(r)|.

Hence h,(ro) = 0 and therefore @, (x) = 0 for any « € 9B, (0).

Since any harmonic map @: R? — N with finite energy is conformal, the van-
ishing of @, implies that also Us vanishes along 0B,,(0), and we conclude that
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W = const on 0B,,(0). Equivariance of @ then implies that g(h(rg)) = 0 and hence
h(rg) = 0 on account of (13). But then h = 0 by choice of rg, and T = const = O,
as desired. 0O

3. RADIALLY SYMMETRIC WAVE MAPS

Next, we show that the Cauchy problem for radially symmetric wave maps
u(t,z) = u(t,|x|) from the (1 + 2)-dimensional Minkowski space to an arbitrary
smooth, compact Riemannian manifold without boundary is globally well-posed
for arbitrary smooth, radially symmetric data.

3.1. The result. Again let N be a smooth, compact Riemmanian k-manifold
without boundary, isometrically embedded in R™. Given smooth, radially sym-
metric data (ug,u;) = (uo(|z|),u1(|z])): R? — TN, by a result of Christodoulou-
Tahvildar-Zadeh [2] there is a unique smooth solution u = (u',... u™) = u(t, |z|)
for small time to the Cauchy problem for the equation

(36) Ou = uy — Au = B(u)(0qu, 0“u) L T, N,
with initial data

(37) (u, ut)|,_y = (uo,u1).

Here B again denotes the second fundamental form of V.

As shown by Christodoulou-Tahvildar-Zadeh [2], the solution may be extended
globally, if the energy of u is small or if the range of u is contained in a convex part
of the target N. Either condition, however, turns out to be unnecessary. In fact,
by using the blow-up analysis from [24] that we presented in the second chapter, in
[25], [26] we showed that the local solution may be extended globally for any target
manifold.

Theorem 3.1. Let N C R" be a smooth, compact Riemannian manifold without
boundary. Then for any radially symmetric data (uo,u1) = (uo(|z|),u1(|z])) €
C>(R2%;TN) there erists a unique, smooth solution u = u(t,|z|) to the Cauchy
problem (36), (37), defined for all time.

The regularity requirements on the data may be relaxed; we consider smooth
data mainly for ease of exposition.

Summarizing the ideas of the proof, as in the co-rotational symmetric setting of
[24] that we described in the second chapter, again we argue indirectly. Thus, we
suppose that the local solution u to (36), (37) becomes singular in finite time. As
before we then obtain a sequence of rescaled solutions u; on the region | — 1, 1[xR?
with energy bounds and such that d,u; — 0 in L} (] — 1, 1[xR?). Finally, rephras-
ing the wave map equation intrinsically and imposing the exponential gauge, we
establish energy decay. But this contradicts the blow-up criterion of Christodoulou
and Tahvildar-Zadeh [2] and completes the proof. (The use of the exponential

gauge was suggested to me by Jalal Shatah.)
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3.2. Basic estimates. Let u = u(t, |z]): [0,t0[xR? — N C R" be a smooth ra-
dially symmetric wave map blowing up at time to. Necessarily, blow-up occurs at
x = 0. As before, upon shifting and reversing time and then scaling our space-time
coordinates suitably, we may assume that u is a smooth radial solution to (36) on
]0, 1] x R? blowing up at the origin. Again let
KT ={z=(t,2);0< |z| <t < T}
be the truncated forward light cone from the origin with lateral boundary
MT ={(t,z) € KT;|z| = t}.
Denoting as
1 1 1 1
e = 5IDuf? = S(lul? + [url?), f = SIDIuf = Zfue +
the energy and flux density of u, and letting
E(u,R) = / edr, Flux(u,T)= fdo
Br(0) MT
be the local energy and the flux through M7, then from [2], [22] we have the

following results just as in the co-rotational setting. The identity (9) again leads
to the energy inequality: For any ¢, 7, R > 0 there holds

(38) E(u(t), R) < E(u(t +7), R+ |7]).

(Again, we only consider values such that 0 < ¢,¢ + 7 < 1. Together with [2] this
yields the blow-up criterion: There exists eg = €9(/N) > 0 such that

(39) E(u(t),t) >eg forall0 <t < 1.
Moreover, we have flur decay:
(40) Fluz(u,T) - 0asT — 0.

As shown in the Appendix, similar to (21) and (22) we also have exterior energy
decay and decay of time derivatives: For any 0 < A < 1 as ¢ — 0 there holds

(41) E(u(t),t) — E(u(t), Adt) — 0,
and
(42) %/KT|ut|2dz—>0asT—>0.

Moreover, as shown in Lemma 2.3, the function w is locally uniformly Hoélder con-
tinuous on 0, 1] x B1(0) away from = = 0.

Fix a number 0 < €1 = £1(N) < €p/2 as determined below. For 0 < t < 1 we
again choose R = R(t) so that

(43) e1 < E(u(t),6R) < 2¢1.

Then from (38) for any |7| < 5R we have

(44) E(u(t+7),R) < E(u(t),6R) < 2e1 < &
and similarly

(45) e1 < E(u(t+7),6R+|7]) < E(u(t+7),11R).

In particular, combining (39) and (43) we deduce the inequality
(46) 6R(t) <t
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for all ¢. In fact, from (39), (41), and (43) as in Lemma 2.4 we even obtain that
(47) R(t)/t - 0ast | 0.
As in Lemma 2.5 we consider the intervals A (t) =]t—R(t), t+R(t)[,0 <t < 1.

An application of Vitali’s covering theorem and (42) then yields a sequence ¢; — 0
with corresponding radii R; = R(t;) such that

1
—/ / lug|? da | dt — 0
R Ay B(0)

as | — oo, where A; = Ag,(#;),] € N. Rescale, letting
w(t, ) = u(t; + Rit, Ryx),l € N.
Observe that wu; solves (36) on [—1,1] x R? with

1
(48) / / |0y |* dz | dt — 0asl — oo,
—1 Dl(t)

where
Di(t) = {:E; Ri|z| <t + Rt}
exhausts R? as [ — oo uniformly in [t| < 1 on account of (47).

Moreover, from (38), (39), (44), and (45) we have the uniform energy estimates

(49) S B(u(),1) < 21 < Blun(t), 11

and

1
(50) e < 5/ |Dul|2 dx = E(u(t; + Rit), &1 + Rit) < E(u(1),1) =: Ey,
Dl(t)

uniformly for [¢| < 1 and sufficiently large I € N. Hence, we may assume that
u; — Use weakly in H} (] —1,1[xR?) and locally uniformly away from = = 0,
where s (t,7) = uoo(|z]) is a time-independent radial map us: R? — N with
finite energy F(uc) < Ejp.

Lemma 3.2. We have uo = const, and Du; — 0 in L} (] — 1,1[x(R?*\ {0}) as

[ — 0.

Proof. We claim that us is smooth and harmonic. Indeed, fix any function
¢ € C§°(] — 1,1[xR?) vanishing near = = 0. Upon multiplying (36) by (u; — teo )¢
and integrating by parts, we then have

/ |D(u; — uoo) P dz z/ (B(u1)(Oaur, 0%up), up — too)pdz + 1,
R1+2 R1+2
where

7] < 2/ |8tul|2<pdz +/ | Dug||ur — uso|| D dz
RL+2 RL1+2

+ Do - D(uj — uoo)pdz| — 0

R1+2

as | — oco. Observing that (u; — uso ) — 0 uniformly, moreover, we have

/ (B(u1)(Oaur, 0%uy), up — Uoo)pdz — 0
R1+2
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as | — 00, and u; — us strongly in H (] —1,1[xR?\ {0}). Thus, we may pass to
the distribution limit in equation (36) for u; and find that us is weakly harmonic
on R?\ {0}. Since u has finite energy, by results of [19] then us is smooth and
extends to a smooth, radially symmetric harmonic map u: RZ2 — N.

Next recall that a harmonic map ue: R? — N with finite energy is conformal;
in particular, there holds |0y uos| = 1[0ucc| = 0, and us must be constant. O

Finally we note the following estimate similar to [2], Lemma 4.

Lemma 3.3. For any ¥ = ¢(t) € C§°(] — 1,1]) there holds

/ / |0puy|*2p| log ||| da dt = / / e(w)y dxdt + o(1),
B1(0 B1(0)

where o(1) — 0 asl—>oo

Proof. In radial coordinates r = |z|, equation (36) for u = w; may be written in
the form

1
(51) Uit = Oy (ruy) L T,N.
Multiplying by u¢r* logr, we obtain
d d 2 2
0= 7 ((ut,um/}r logr) — - (Mwﬁ 10gr)

+ |ut|2wrlogr — (uy, ur>1/1t7"2 logr + e(u)r.

Upon integrating this identity over the domain 0 < r < 1,]t| < 1 and observing
that the boundary terms vanish, we find

/ / || wrlogrdrdt—i—/ / w)ry drdt = / / (g, uyer? log r dr dt.

In view of (48), (50), and Hélder’s 1nequahty the last term may be estimated
1
‘/ / (g, up 1/m" logr dr dt —/ / (ug, up)tpr logr dex dt
27 J-1JBy(0)

1
SC/ / |ut|2dxdt~/ / |u,|? dedt — 0 asl — oo,
—1JB1(0) —1JB1(0)

proving the claim. O

3.3. Intrinsic setting. Recalling (5), in terms of the pull-back covariant derivative
D in w*TN we may write equation (51) as

1
(52) Dyuy — ;Dr(rur) =0.

As was observed by Christodoulou-Tahvildar-Zadeh [2] and Hélein [7], with no loss
of generality, we may assume that TN is parallelizable; that is, there exist smooth
vector fields €1, ..., € such that at each p € N the collection €;(p),...,ex(p) is an
orthonormal basis for T, N; see [2], [7]. Given a (smooth) solution map u = u(t,r)
of (52) we then obtain a frame e; = R (€j ou),1 < i < k, for the pull-back bundle,
where R = R(t,r) = (R?) is a smooth map from R'*2 into SO(k).
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Denoting
(53) De; = Ale;

with a matrix-valued connection 1-form A = Ay dt + A, dr, we compute the curva-
ture F' of D via the commutation relation

DoDgeq — DgDaeq = Do(AY gey) — Da(AL Len)
= (0aAf 5 — OpAG o + Af AL 5 — Af 5 AL ee = Fy g,
or, more concisely,
dA + %[A,A] =F.

Moreover, we now impose the “exponential gauge” condition A; = 0. This yields
the relation

xdA = —8TA() = F(n.

If we normalize Ag(t,1) = 0 for all ¢, from this relation we obtain

1
A():/ F(n ds.

Observing that
(54) |Fou| < Cldul?,

from (49) we then deduce the estimate
1 1
|[Ao| < ag := / |Fo1]ds < C/ |du|*ds < Cepr™*.

Note that in the exponential gauge for any fixed time ¢ the frame field e = e(t, )
is obtained by parallel transport along the curve y(r) = wu(t,r) from the frame
e(t,1) at r = 1.

Expressing du as
du = ug dt + u, dr = qiei,

where ¢ = qo dt + q1 dr is a vector-valued 1-form with coefficients ¢ = (¢")1<i<k,
from (53) we have

Dadsu = Da(qsea) = (0aqs + AG 0 df)ec-
With the shorthand notation
Dags = (9o + Aa)qs
we then may write equation (52) in the form
1 1
(55) Dyqo — ;Dr(rm) = Orqo + Aoqo — ;@(”ﬁ) =0.

Moreover, the commutation relation D,0su — Dgd,u = 0 translates into the equa-
tion D,.qo = D:q1; that is,

(56) Orqo = hq1 + Aoqa.
Finally there holds

(57) 90| = fual, ln] = Jurl.
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3.4. Proof of Theorem 3.1. By using Lemma 3.3 we show that (48) for suffi-
ciently small €1 > 0 leads to a contradiction with (49).

Fix a cut-off function 0 < ¢ = ¢(r) < 1 in C§°([0,1]) such that p(r) = 1 for
r<1/2. Also fix 0 < ¢ =(t) < 1in C§°(]—1,1]) such that () =1 for |t| < 1/2.
For v = u; with associated 1-forms ¢, let

1
Q=0Q =/ qpds.

Note that by Holder’s inequality and (49) we can estimate

, 1 . 1 s 1
B9 P ([ ulas) < [slapas [ < aernond

We will also use the bound

r 2 r r
(59) (/ slgle ds) < / s|q|? ds - / sds < 2ey7?
0 0 0

resulting from (49). Similarly, we have

r 2 2 1
([ slanltogs2ds) < 2 [ slantogsl ds,
0 0

which in view of (49), (54), and Lemma 3.3 allows to estimate

1 1 T
//(/ 5|Q0||10g5|1/290d5>|F01|¢d7‘dt
—-1J0 0
1 1 1/2 1
(60) g/ (/ s|q0|2|10g8|ds) (/ r|F01|dr)wdt
—1 0 0

1ol 1/2
< Ce; (/ / s|qo|*| log 8|t ds dt> < Cai/z.
-1Jo

Also note that Lemma 3.2 implies

11 1 1/2
(61) / / | log 7|2 |q|e dr dt < C’(/ / r|log || Du|? dx dt) —0
-1Jo —1JB1(0)

as | — oo.

2

Using the function Qyvr as a multiplier, from (56) then we obtain

1,1 1,1 1
/ / atqugowrdrdtz—/ / q0</ atq1¢d8><p¢rdrdt+l
-1J0 —1J0 r
1,1 1,1 1
2/ / |(J0|2<,021/17”d7’dt+/ / qo</ Aoq1<pds>gm/1rdrdt+ll,
-1J0 —1J0 r

where, in view of (58), and (61),

1 1 1 1
|I|=|/ /qowwtrdrdtlsc/ /r|qo||1ogr|1/2|wt|drdt~o
—1Jo -1J0
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as | — oco. Similarly,
1 1
III|§|I|+|/ /qo</ qoﬁrgods)gm/)rdrdﬂ
—-1J0 T
11
SC’/ / r|q0||logr|1/2wdrdt—>0,
-1Jo

On the other hand, noting that

1
;8T(T'Q1)TQ = ar(rqu) + T|Q1 |290a

we obtain

1oy 1 1
/ / ;ar(rql)ngm/) dr dt :/ / rlqi)?*y drdt + 111,
-1Jo -1Jo

where, by (58) and (61),

1 1 1 1
|IH|§/ /r|q1||c2||sor|wdrdt§c/ /r|1ogr|“2|q1|wdrdmo
—1Jo —-1J0

as | — oo. Thus, from (55) we deduce the identity

1 1
/ / r(lal? — qo)e® dr dt + of1)
—-1J0

1 1 1 1
Z/ / (Jo(/ AOQ1<PdS)<pwrdrdt+/ / Aoqo(/ qlwds)gowrdrdt,
—1Jo r —-1J0 r

where o(1) — 0 as | — oco. Using (59), (54) and repeated integration by parts, we
find

1,1 1 1,1 r
/ / qo(/ Aoqlgads)cpwrdrdt:/ / </ qoapsds)Aoqlapwdrdt
—1.Jo r —1Jo 0
1,1 1,1 1
SC&}”/ / ra0|q1|<pwdrdt:C€%/2/ / 7”|q1|<,0(/ |F01|d8>wdrdt
—1Jo —-1J0 T
1,1 r 1,1
:Ca}ﬂ/ / (/ s|q1|<pd8>|F01|¢drdt§061/ / | Fo1 | dr dt
—-1J0 0 -1J0

1ol
< Cel/ / r|dul*y dr dt < Ce?.
-1Jo

Similarly, we estimate, now using (58) and (60),

1,1 1 1,1
/ /AO(JO</ qmds>wrdrdtscei/2/ [ aolalitog 2 gur dr e
~1Jo r ~1Jo
1o 1,1 1
= Ce, / / r|q0||1ogr|1/2<p(/ |F01|d8>wdrdt
—1J0 r

1 1 r
= C&:i/z/ / </ slqol logs|1/250ds) | Foi|ep dr dt < Ce3.
-1Jo 0
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But then from (49), Lemma 3.2, and (48), with error o(1) — 0 as | — oo we obtain

e1 < / / | Du|?y dx dt < 77/ / rlq|* % dr dt + o(1)
2 B11(0)

SW/ /7ﬂmﬁ—mm%w¢mdwmmJ§c£+ou»
—-1J0

which is impossible for sufficiently small €; > 0 and large . The proof of Theorem
3.1 is complete.

4. OPEN PROBLEM

The above results naturally give rise to the question whether it is possible to
characterize blow-up of smooth wave maps u: [0,T[xR? — N at a first blow-up
point (T, zp) in a fashion similar to Theorem 2.1, leading to global well-posedness
of the Cauchy problem for arbitrarily large smooth data in cases where the target
manifold N does not support a non-constant harmonic sphere. Recent results of
Tao [29], [30] also point in this direction.

APPENDIX A: EXTERIOR ENERGY DECAY

In this Appendix we recall the proof of the following lemma which is fundamental
for the treatment of the equivariant and rotationally symmetric case.

Lemma 5.1. Let u be a radially symmetric solution of (36) or a co-rotational wave
map on K = K" which is smooth away from the origin. Then for any 0 < A < 1
as t — 0 there holds

E(u(t),t) — E(u(t), Adt) —

Proof. We follow the presentation in [20]. Therefore in the following we change
time t to —t.

With the notation

1 1
(62) e= §(Iurl2 + ), m=upug, 1= §(|ur|2 — [ue]?)
for a radially symmetric solution u of (36) we compute
0 0 1
(63) E(rm) - E(re) = ru, - (ug — ;(rur)r) +1=1,

thereby observing the geometric interpretation (51) of (36) and the fact that u, €
T.N. Moreover, recalling the equation (9) we have

0

(64) a(re) - %(rm) =0.

Similarly, for a co-rotational wave map w with associated function h solving (15)
we let

2(h
(e 4 ) = 5ol e+ 50 = -,
(65)

MIH ml'—\

2
(o2 + Z g2y = 2 (o,
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and we compute

(66) Or(re) — Or(rm) =0, Or(rm) — O.(re) = L.

Changing coordinates to
(67) n=t+r, E=t—r,
and introducing
A2 =r(e+m), B2 =r(e—m),
identities (63), (64) turn into

0eA? =1,
onB* = —1,
where
r212 < A2B2.
Likewise, (66) can be written as
e A? =
o,B* = —L,

where now, with F' = ¢?/2, and using the fact that |h| < C(Ep) by (20) to bound
F2(R) < CF(h),
3 12 3
12 <2 (2 12 127000 2 2
4(h h) 7n2hrf (h)+r4 (h)
1 1
<C ( ﬁf+ﬁw+ﬁww+ﬁﬁm)

:—ﬁﬁ.
r2
Thus in both cases we get the inequalities

(68) oAl <8, jo,8< S

Upon integrating (68) on a rectangle I' = [n, 0] x [£o,&], as shown in Figure 1,
we obtain

—(n,6)

' N

r=X|t|

FIGURE 1. Domain of integration I'.

58(05 2 775 / /
, C d C dn' d€'.
An,€) < A(n, &) + ¢+ /i/ e g il de
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First we estimate the second term on the right.

BO o ([ poenar) (54 )"
< 0 ! !
/50 n—¢ ¢ (go (0.8 g) (/0 (77—5’)2>

= (Flux(§&) — Flux(¢))"/? n—if B 77—150
Flux(&)
c .
=\ =g
Letting
(69) am.§) = sup V"= €AG©).
n<n’'<

the third term may be bounded
(70)

&0 A(U/,f') 1 el ¢ a(nafl) ! el
— 27 __dn'd dn’ d
/5/ =& —&) " fg/&/n &)y — ey T E

5a(n,&’)( 11 > Y AN U /
</50 6 \Vi—¢ V¢ df</50“(”’“£'<n—5')3/2d5'

Also observing that

(71) sup /' — &A1, &) < sup

n<n'<0 n<n'<o V1 — &o

VI € ) = V=5
b=

a(na 50)

with constants C';, Cy we then obtain

a(n,§) < \/_ a(n, &) + Ci1+/Flux(&) +Cz/ (n,&) U de’ .

V- §'(n—¢)
Setting
no_ n

(72) p(&) = gm—¢y
and letting

€ —
1) PO = [ an€le)de’ GO = Y=E aln) + O /o).
for any fixed 1 we then find the differential inequality
(74) F' < Gp+ CyFpin [&, N'n],

where N = (1+A)/(1 —A) > 1. Applying Gronwall’s lemma we obtain

13
(75) UCEY) G(E)p(e!)eC2 S 1€ ger

But for £y < & < £ = Nn we have
E—g) e NE)

/

¢ " de” ¢ . n de’ =1 _ <1
/&' P )de / - ® Tl g T T e g S8y

—1°
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FIGURE 2. Triangular region A.

Hence we can estimate
a(n,€) < G+ CoF

< V—=E
(76) VA

VT n /
+Cs/£ (\/_—50 a(n,&o) + C1 Flux(§0)> mdg,

A,
where C3 = ¢ 3=1, We also know that

a(n, &) < sup /' —& sup A(n', &) < C(&o)vV—Eo s

n<n’<0 n<n’<0

a(n,&o) + C1y/Flux(&o)

Cylog

because u is assumed to be regular away from the origin, implying that A4 is bounded
by a constant depending on &;. Now, given € > 0, we can fix £y < 0 small enough

such that C'\/Flux(§) < e. Then,
a(€/N,€) < C(€0)v/—E + € + O(&o) /5 YN
- o V=EE/N =€)
< C(&)V/—E+ Ce < Ce

for £ < 0 small enough. Therefore,

d¢’ + Ce

a(§/N',€) Ce
A <= S Uit

for (n,¢) small enough inside K7 .. Hence,

ext:*

0 20,1 ! 2 0 d77' 2 1
A% (', §)dn" < Ce / = Ce” log
/n &/N n =< (N =1)
Finally, if we integrate the energy identity (64)) on the triangle A (as shown in
Figure 2 with vertices at (n,£), (0,&), and (0,7 + £), with n = £/)\ as before), we
obtain

It] 0 13
0= —/ e(r,t)rdr— / r(e+m)dn + / r(e —m)d¢ =T+ 11+111 .
Alt] n £+n

As t — 0 we proved that IT — 0; moreover, III — 0 because it is the flux, and
therefore I — 0. O

=Cé>.

As consequence we obtain the decay of time derivatives.
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Corollary 5.2. Let u be a radially symmetric solution of (36) or a co-rotational
wave map on K = K which is smooth away from the origin. In the latter case

also suppose that N satisfies (14). Then

1
—/ |u¢|* dz — 0 as T — 0.
T Jir

Proof. Again we change time ¢ to —t. Multiply the identity (63), (66), respectively,
by r and integrate on the truncated cone

Kj_“E = {(Ll’);t < —€, |£L’| <—t< _T}v

and let € — 0 to obtain
7]
‘ // wir drdt — / (utur)|t_Tr2 dr| < C|T|Flux(T).
K3 0 N

Therefore, for any A €]0, 1] we have

1 0 —t 1 |T|
m/ / uirdrdt < m/ |(utur)|t:T|r2 dr + C Flux(T)
T Jo 0

c 7
< ] e(T,r)r? dr + C Flux(T)
0
C AT ||
< — / e(T,r)r* dr + / e(T,r)r’dr | + CFlux(T)
7] \Jo AIT|

< C(\Ey + EA(T) + Flux(T)) .

Given € > 0 we then may choose A > 0 such that the first term on the right is less
then €/3. By Lemma 5.1 and by decay of the flux the second and third terms also
will be less than €/3 for T sufficiently close to 0. O

APPENDIX B: THE CAUCHY PROBLEM FOR WAVE MAPS

In this Appendix we recall the approach presented in [21] for showing global
existence and uniqueness for the Cauchy problem for wave maps from the (1 +m)-
dimensional Minkowski space, m > 4, to any complete Riemannian manifold with
bounded curvature, provided the initial data are small in the critical norm.

We study the Cauchy problem for wave maps u: R™+! — N solving the equation
(77) DY0qu =0
with initial data
(78) (w, ut)|,_y = (uo,u1) € H% x H? Y(R™,TN).
Also recall the equivalent extrinsic form of equation (77)

(79) Ou = —0%0au = uy — Au = B(u)(0qu, 0%u).

With L(Z™2)(R™) < L?™(R™) denoting the Lorentz space, the main result from
[21] may be stated, as follows.
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Theorem 6.1. Suppose N is complete, without boundary and has bounded curva-
ture in the sense that the curvature operator R and the second fundamental form
B and all their derivatives are bounded, and let m > 4. Then there is a constant
g0 > 0 such that for any (uo,uy) € HZ x HZ 1 (R™; TN) satisfying

||u0||H% =+ ||U1||H%_1 < eg

there exists a unique global solution uw € CO(R; H%) N CY(R; HZ ~1) of (77), (78)
satisfying

(80) sp (01 + [ 1000) oo o < C
and preserving any higher reqularity of the data.

Terence Tao, and independently also Sergiu Klainerman and Igor Rodnianski
pointed out that estimates similar to the crucial L}L°-estimate in Lemma 6.2
below can also be obtained from bilinear estimates for the wave equation obtained
by Klainerman-Tataru [11]. Tristan Riviere has brought to our attention further
applications of Lorentz spaces in gauge theory related to our use of Lorentz spaces
here. We refer to the Introduction for a further discussion of the result.

6.1. Uniqueness and higher regularity. The condition (80) easily yields unique-
ness when we consider the extrinsic form (79) of the wave map system. Indeed, let
u and v be solutions to (79) of class H? with u,v € CO(R; H= )N CY(R; HZ 1),
and suppose that

U0 = Vlpor Ut[s=0 = Vt|t=o"
Moreover, we assume (80), that is, in particular,

Il = [ 1au(OlfEon e dt < o,
and similarly for v. Then w = u — v satisfies
wy — Aw = [B(u) — B(v)](0au, 0%u) + B(v)(Oqu + qv, 0%w).
Multiplying by w;, we obtain
1d
2dt
where by Sobolev’s embedding H'(R") — L#% (R™) we can estimate

I(t) = /m<[B(u) — B(v)](0qu, 0%u), w) dx < C’/Rm |du|?|w||dw]| da

< Clldul[Lzmlwll 2, [ldw]| 2 < Clldul[Zam[|dw] |72

[ldw(t)|[7> = 1(t) + I1(t),

In order to bound the term II(t), we note that orthogonality (B(u)(,),us) =0 =
(B(v)(+,-), v¢) implies

[(B(v)(9au, 0w), wi)| = |(B(v)(0au, 0 w), u)|
= {[B(v) = B(w)](@au, 0"w), us)| < Cldul?|wl|dw],
and similarly for the term involving 0,v.
Thus also this term can be bounded

I1(t) < C(lldul|Zam + [|dvl[Z2m)ldw]|7,
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yielding the inequality
d
aﬂd@UHiz < O(|ldul[Z2m + |ldv]|Z2m )| |dw] |72
Hence we obtain the uniform estimate
2o 12 < dew(O)] 22 - exp(CldullZz pam + [[d0]12: ).
Since dw(0) = 0, uniqueness follows.

Higher regularity estimates for (smooth) solutions u of (79) satisfying (80) for
sufficiently small € > 0 can be obtained in similar fashion by differentiating the
intrinsic form of the wave map equation covariantly in spatial directions and using
standard energy estimates; see [21] for details.

6.2. Moving frames and Gauge condition. Our approach requires the con-
struction of a suitable frame for the pull-back bundle u*T' N, as pioneered by
Christodoulou-Tahvildar-Zadeh [2] and Hélein [7]. With no loss of generality, we
may assume that TN is parallelizable, that is, there exist smooth vector fields
€1,...,ex such that at each p € N the collection €1(p), ..., ex(p) is an orthonormal
basis for T, N; see [2], [7]. Given a (smooth) map u: R™*! — N then the vector
fields €, ou, 1 < a < k, yield a smooth orthonormal frame for the pull-back bundle
u*TN. Moreover, we may freely rotate this frame at any point z = (t,2) € R™*!
with a matrix (R%) = (R%(2)) € SO(k), thus obtaining the frame

eazRZEbou,l <a<k.
Expressing du as
(81) du = ¢%eq,

with an R¥-valued 1-form g = ¢, dz®, then we have
m
dul® = 1gI* = lgal®
a=0

In particular, for 1 < p < oo the LP-norm of du is well-defined, independently of
the choice of “gauge” (R%), and coincides with the LP-norm of du in the extrinsic
representation of u as a map u: R™T1 — N C R™. Later we will see that if the
gauge R is suitably chosen, and if £y > 0 is sufficiently small, also the norms of the
derivatives of du and the derivatives of ¢ agree up to a multiplicative constant.

Letting D = (Dqa)o<a<m be the pull-back covariant derivative, we have
(82) De, = Ageb,l <a<k,

for some matrix-valued 1-form A = A,dz®. Fix a pair of space-time indices 0 <
a, B < m. The curvature of D enters in the commutation relation

DoDgeq — DgDaeq = Do(AY gey) — Da(AL Len)
= (8(1‘42,5 - 85‘42,0( + Ag,aAZ,,B - Ag,ﬁAg,a)eC = F;,aﬁec’
or
(83) 6QA5 — 85Aa + [Aa,Ag] = Fag = R(@au, 8511,)

for short. (The comma separates the form subscript from the vector subscript and
does not indicate a differential.)
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Following Hélein [7] we choose the columb gauge

(84) i 0;A; = 0.
=1

This results in the equation
(85) AAg + 0;[Ai, Aﬁ] = 0;Fig = 0;(R(0;u, 0pu)),0 < 5 < m,

where we tacitly sum over 1 < 4 < m. Given u: R™*!' — N with du having
sufficiently small L™-norm, this equation admits a unique solution A which for any
fixed time we may represent as

(86) Ap = Gix ([Ai, Ag| — Fip),
where
Glz) = ——
|x|m72
is the fundamental solution to the Laplace operator on R™ and G; = —0;G.

Indeed, from (85) and elliptic regularity theory we have the a-priori estimate
Al < CllAlly1 3 < CI[A, Al 5 + ClIFIl 3
< C||Al[Lm + ClIR| o< ||dul |7
confer [5], Section 4.3. For sufficiently small ||A||pm we may absorb the first term
on the right on the left hand side of this equation to obtain at any fixed time the
estimate with constants C' independent of ¢

(87) 1Al[Lm < CllAlljyag < Clldul|Zm < Clldul|%5 1 < Ceo.
For later use we derive further estimates for the connection 1-form A and the
curvature F, assuming that ¢ > 0 is sufficiently small. For the sake of exposition,

we indicate these estimates only in the case when m = 4 and refer to [21] for the
general case. For 1 < s < oo again denote as L(”’S)(Rm) the Lorentz space.

Lemma 6.2. Let m =4, and fix r = 8/5.
(i) For any time t there holds

IV2All - + [V 80All L < CIVFllzr < Clldulpsldul
(i) For any time t we have

Az~ < Clldullf .2 -

Proof. (i) To estimate V2 A, observe that equation (85) implies

(88) IV2AllL < CIIVIA, Alll- + C|VF| L.

By Holder’s inequality and Sobolev’s embedding we can estimate
IVIA, Alllz- < 2| VAl Al < CIV2A|lLe || Allz

where
1 1 1 3

n r m 8
From (87) and (88) then, for sufficiently small €9 > 0 we obtain
IV2Allz- < CIVF .
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The term VF only involves terms of the form R(VO,u,dsu) and VR(O4u,dzu)
and therefore may be estimated
|VF| < C(|Vdul|du| + |dul?).
Letting ¢ = 8 = 2m, so that 1/r =5/8 = 1/q + 1/2, upon estimating
IVE|lz- < C(IVdul 2| du| o + ||du]| 34| dul £a)
from Sobolev’s embedding ||du||r+ < C||dul|z;: < C we conclude that
IV2AllL- < ClIVF|Lr < Olldul|gsldull 1.

To estimate VJyA we note that the equations
OpA; = 0; Ao + [Ai, AO] + Fo;
and
A0y Ao + 0;00[As, Ao] = 9;00 Fio
from (85) make exchanging of time derivative by spatial derivative possible and
thus imply the desired estimate.

(ii) By the Sobolev embedding into Lorentz spaces and i), we have
[AllLeas < CllAllLs5) < 1All28 < Clldullzs .

L& 5
Therefore, and since for any m > 4 we have G; € L(%’C’o), the dual of L™,

using the representation of A given by (86) we obtain
Az < CUIA, Alllpan + 1FllLan) < CUANLs + dullfes) < Cldullf s ,

as claimed. 0

6.3. Equivalence of Norms. Estimate (87) implies the equivalence of the extrin-
sic Hf-norm of du and the H*-norm of ¢ for any ¢, provided g > 0 is sufficiently
small. To see this consider a vector field W in «*T'N whose coordinates in the
frame {e,} are given by

W =Q%, = Qe
with

Wiz =@l
The extrinsic partial derivative of W can be computed from the covariant derivative
and the second fundamental form B as

DWW = W + B(u)(Opu, W) = (0kQ + AQ)e;
that is,
oW = (0kQ + AQ)e — B(u)(0ku, Qe).
Therefore from (12), Sobolev embedding, and boundedness of the second funda-
mental form B we obtain
| OW 1|2 — [10Q]| 2| < ClAQI| 2 + [|duQ)| 2
< C(JAllpn + ldull )9 22 < Ceol0Q 1

By linearity of the map Q — W and interpolation we conclude the equivalence
of the H*-norms of Q and W for all 0 < s < 1. The same argument establishes

the equivalence of the covariant and extrinsic H*-norms of W for 0 < s < 1. By
applying this argument iteratively to W = Vdu for £ = 0,1,..., we then obtain
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the equivalence of the H®-norm of du and H*-norm of ¢ for any s > 0, provided
€o > 0 is sufficiently small.

6.4. A priori bounds. In order to obtain the a-priori bounds from which we may
derive existence, we represent a local smooth solution u of (77), (78) in terms of
the 1-form ¢ given by (81), where the frame (e,) is in Coulomb gauge.

From (82) then we have the equations
0 = Dadsu — Dgdot = (Dugs — Daga)e,
where we denote
(89) Dags = (0a + Aa)gs;
in components, this is
Da(gsea) = (Oaqs + A7 0q3)ec

Again the comma separates the form subscript from the vector subscript and does
not indicate a differential.

That is, we have

(90) DqQﬁ — DBQa = 0
Moreover, the wave map equation (77) yields the equation
(91) D%, = 0.

Differentiating (91) with respect to 2 and using (83), (90), we derive the covariant
wave equation

0=DgD%G = D*Dpqo + F5qa = D*Daqs + Fj qa-
Expanding this identity using (89), we obtain
(92) (07 — A)gp = 24%0aqp + (0°Aa)qp + A% Aags + F§qa =: hg.
We can estimate ¢ in terms of the initial data and h by using the Strichartz
estimate for the linear wave equation
(93) Ov = h,v,_, = f v, = 9

Again denoting as HY = (v —A)~7L?(R™) the homogeneous Sobolev space, and
as L") (R™) the Lorentz space, from Keel-Tao [9], Corollary 1.3, if h = 0 for any
T > 0 we have

1011 02,2258 oy T P lleo oz ey + letllco o i1 emy)
< CU N g ey + gl v emy)-
where v = 28;—*711) If m =4, we have vy = % and the preceding becomes
[vllz2 ([0, 7)o (R3)) + ||v||00([0,T];H5/6(R4)) + ||”t||00([o,T];H—1/6(R4))
< CUlA N gs/omay + 19l 176 (gay)-

By real interpolation between this estimate and the analogous estimate for deriva-
tives of v, and using the embedding (in the notation of [9])

(L{LS, LW, %) 5 — LTLE?,

(94)
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we obtain

(95) oll 2 s + lldvllcooryizzy < CU g +lgllz2)-
By Duhamel’s principle, for general h it then follows that

(96) oll 2 o +[ldvllcors < CUIF g +lgllze + (1Rl LiL2)-

(The crucial gain of the Lorentz exponent by real interpolation was already observed
by Keel and Tao [9] but was omitted in the final statement of their theorem.)

We will apply estimate (96) to equation (92) on any time interval [0,7] such
that ||du||z: remains sufficiently small, uniformly for 0 < ¢t < T'. Also using the
equivalence of the H®-norms of du and ¢ for s < 1 on any such time interval, we
obtain

dullgo s + lldull s oo < C(lldallcor + llall 2 pe»)
< C(lldg(0)l|z> + Al i r2) < C([ldu(O)|[ g1 +[IAll2ir2)
< C[luoll gz + Mlwallgn + 1Pl i 22) -

To estimate the various terms in h we observe that by Lemma 6.2 at any time ¢
with r1 = 8/3 we have

1hllz2 < 2] A0ql 2 + |0 Ag]| 2 + 1A%l 2 + | Fq]] .2
<2 All=llallzn + (IVALr + AL + [ Fllz) llgllzs

But Lemma 6.2 with r = 8/5 implies

IVAlLrs + A2 + IF Nz < OV Al + [IV(A*) e + [V F Lr)
< Clldul| sl dull -

Here we also used Sobolev’s embedding and (87) to bound
19?1z < CIVAlLn |Alle < O V24
From Lemma 6.2 we then obtain
12|22 < Cllgll s | dull psl|dull s + 21| All e llgll g1 < Clldull s lldull 1 -
Using these estimates, we can bound h by
1PllLizz < C||du||i§Lgcs,2>||d“||LgoH;
and we conclude that
lldull oo g+ Mldull o ps2r < Clluoll gz + [luall g + [1dull?, o dull oo ) -
t tLla LiL, t x

A global priori bound on ||dul[ ;e g1 + [|dul|p21s thus follows, provided |[|uol| g2 +
[|u1]| g1 is sufficiently small.
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m

6.5. Existence. Recall that C® xC>®(R™; TN)is densein H= x H ~}(R™; TN).
We can thus find smooth data (u(()k),ugk)) — (ug,u1) in H% x HZ~Y(R™; TN).
The local solutions u*) to the Cauchy problem for (77) with data (u(()k),ugk)) by
our a-priori bounds and regularity results for sufficiently small energy

luoll% g + el -2 < <o

then may be extended as smooth solutions to (77), (78) for all time and will satisfy
the uniform estimates

k k
ldu®1] a1+ lldu® 22 < Ol + ] 1) < Ceo

for sufficiently large k.
Hence as k — oo a subsequence u*) — u weakly in HI?C(R’”“), where
ldull go gy -1 + [1dull Lz pzm < ClJuoll g + [lurllgg-1)-

Since % > 2, by Rellich’s theorem for a further subsequence du® — du converges
pointwise almost everywhere, and u solves (77), (78), as claimed.
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