Geometrical properties of the graph
p-Laplacian spectrum

Due Giorni di Algebra Lineare Numerica e Applicazioni 2022

Piero Deidda

A joint work with: Mario Putti, Francesco Tudisco, Nicola Segala,
Martin Burger
15.02.22

UNIVERSITA

DEGLI STUDI
DI PADOVA



Outline

m Introduction

Cheeger constants and p — 1
m Maximal radius of balls incribed in the graph and p — oo
m Nodal Domains of the p-Laplacian eigenfunctions

Shortest paths on the graph and p = oo

I e



p-Laplacian operator

G=(V,E,w)
f:V-R = Vf(uv):wuv<f(v)—f(u))
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p-Laplacian operator
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p-Laplacian Eigen-equation
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Eigenpairs > space dimension: no orthogonality

Example: 4 node graph = 5 eigenpairs

A )\ =0,f(= (1111)

B )\=2, H=(1, ,0)

A3 =2+ 2P 1
f3—(0,1,0,—1)

A=1+4(1+4251)P71
fy = (1,0,1, —271)
As = 2P, fs = (1,-1,1,~1)




Search for n eigenpairs: Variational Eigenvalues

Linear case:

A =  mi f). .
g dimTAl\r)]zk Tea Ra.(f)




Search for n eigenpairs: Variational Eigenvalues

Linear case:
Ak = min maxRa,(f).
dim(A)>k fEA
Nonlinear case:

Ak = min maxRa (f).
AEF, fEA P

A=—-ACS,, s.t. 3m> k
fk(sp):_{aw e C(A, 5™, w(x):—w(—x)}




Nodal Domains

Nodal Domain

f:V—=R.

Nodal domain of f = maximal
connected subgraph of
{f(u) > 0} and {f(u) < 0}

N (f) = number of nodal domains
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Nodal Domains

| Nodal Domain G S

f:V—=R.

Nodal domain of f = maximal
connected subgraph of
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N (f) = number of nodal domains ®/@




Cheeger constants
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Cheeger constants

o _ w(E(A— A%))
W=""5%m A9

Dk(g) = {Al, coL Ak F 0 ‘A,‘ﬂAj = (/)}

k-th Cheeger Constant of G

h(G) = N ) T2 cut(A)




Cheeger constants
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Cheeger constants

o _ w(E(A— A%))
W=""5%m A9

Dk(g) = {Al, coL Ak F 0 ‘A,‘ﬂAj = (/)}

k-th Cheeger Constant of G

h(G) = N ) T2 cut(A)

2p— 1 B
mhﬁ/(fk)(g)ﬁ A(Ap) <2P71hi(G)

p—1 —



Dirichlet Problem

Dirichlet p-Laplacian Eigen-equation

B ¢ V BOUNDARY

Apf(u) = Nf(u)P2f(u) ueV\B
f(u) =0 ueB
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Dirichlet p-Laplacian Eigen-equation
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Dirichlet Problem

Dirichlet p-Laplacian Eigen-equation

B ¢ V BOUNDARY

Apf(u) = Nf(u)P2f(u) ueV\B
f(u) =0 ueB

Distance
d(u,v) = min Wl
’ u=tn Ujliy1
V=Uunp

Boundary Distance

dg(u) = mind(u, v)
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Limit p-Laplacian eigenequation p — oo

B,
R. — su r s.t. dvg,..., Vi '
K= S d(vv) = 2r, d(vi, B) > v
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Limit p-Laplacian eigenequation p — oo

R, — rs.t. dvy,..., v
k=P d(v ) = 2r, d(v;,B) > ¢

p—00

1
{(fk.p, M) ()

Dpfip = AplfiplP 2 Ficp




Limit p-Laplacian eigenequation p — oo

R, — rs.t. dvy,..., v
k=P d(v ) = 2r, d(v;,B) > ¢

1

(fipr Mep) ,H—oo>(fk’/\k)

Dpfip = AplfiplP 2 Ficp




Limit p-Laplacian eigenequation p — oo

R, — rs.t. dvy,..., v
k=P d(v ) = 2r, d(v;,B) > ¢

1

(fipr Mep) ,H—oo>(fk’/\k)

Dpfip = MeplfiplP i p

1 1
7 <A < R
NG f




Nodal domains count on a general graph

G connected. "
{Ai};iL; Variational Eigenvalues

(f,\) — I(f) constant sign loops,
— z(f) zeros,

— [ edges that differentiate G from a tree
P1. If (f,\) is an eigenpair of Ap, s.t. X\ < A, then.
N(f)<k-1
P2. If (f, ) is an eigenpair of Ap, s.t. X > Ay, then.
N(f) > k— B+ I(f) — z(f)

R nas



oo-Eigenvalue Problem

F = [[VFllo
f = [Ifll

} CONVEX FUNCTIONS
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oo-Eigenvalue Problem

F = [[VFllo
f = [Ifll

0(x = lxll< ) = {”;’”
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oo-Eigenvalue Problem

F = [[VFllo
f = [Ifll

0(x = lxll< ) = {”;’”

(f,A\) Infinite Eigenpair

} CONVEX FUNCTIONS

i =0 if x| # [l }

lgil |xi| = qix;

3k, ab) € (DY 711w, 0l o)

—div(qf) = Aqj,

B nawe



Weighted Laplacian Characterization

V(p,v): (E,V) = R

A, f = —div D(u)VF = AD(v)f
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Weighted Laplacian Characterization

V(u,v): (E,V) = R%
A, f = —div D(u)VF = AD(v)f

n Convex
1
v, 1*) = arg max | arg min + le — V)
(7 u7) = argmax (argmin L SEDIWE
v Concave

—diVD(u*)Vf]_ = )\1 D(V*)f]_

(a2.4%) = (D) VA, V21 D)) € (0 VAl Ol )

—div(q,i-l) = ﬁq?

(5.15)

1%t Infinity Eigenpair




Optimal Paths

(f,N) Infinite eigenfunction.
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Heuristics

1
(u*,v*) = arg max arg min +Z,ue— Zl/v
v ecE veVv

Iz )‘k(MvV)




euristics

1
* U*) = argmax arg min —— + — vy
(1) = arg max arg min 00,5 > pe = D
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Thank you for you attention!
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