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p-Laplacian operator

Graph

G = (V ,E , ω)

f : V → R ⇒ ∇f (uv) = ωuv

(
f (v)− f (u)

)

ωu,v

.

.

. v

.u
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p-Laplacian operator

Graph

G = (V ,E , ω)

f : V → R ⇒ ∇f (uv) = ωuv
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G : E → R ⇒ divG (u) = −∇TG (u) = −
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ωuvG (uv)
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p-Laplacian operator

p-Laplacian

(∆pf )(u) = −div(|∇f |p−2∇f )(u) =
∑
v∼u

ωp
uv |∇f (vu)|p−2∇f (uv)
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p-Laplacian Eigen-equation

”Rayleigh” quotient

R∆p(f ) =
∥∇f ∥pp
∥f ∥pp

Critical points of RQ: p-Laplacian Eigen-equation

4 of 16



p-Laplacian Eigen-equation

”Rayleigh” quotient

R∆p(f ) =

∑
uv∈E |∇f (uv)|p∑

u∈V |f (u)|p

Critical points of RQ: p-Laplacian Eigen-equation

∆p(f (u)) = λ |f (u)|p−2f (u)

4 of 16



p-Laplacian Eigen-equation

”Rayleigh” quotient

R∆p(f ) =

∑
uv∈E |∇f (uv)|p∑

u∈V |f (u)|p

Critical points of RQ: p-Laplacian Eigen-equation

∆p(f (u)) = R∆p(f ) |f (u)|p−2f (u)

4 of 16



Eigenpairs > space dimension: no orthogonality

Example: 4 node graph ⇒ 5 eigenpairs

1 λ1 = 0 , f1 = (1, 1, 1, 1)

2 λ2 = 2 , f2 = (1, 0,−1, 0)

3 λ3 = 2 + 2p−1,
f3 = (0, 1, 0,−1)

4 λ4 = 1 +
(
1 + 2

1
p−1

)p−1
,

f4 = (1, 0, 1,−2
1

p−1 )

5 λ5 = 2p, f5 = (1,−1, 1,−1)
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Search for n eigenpairs: Variational Eigenvalues

Linear case:

λk = min
dim(A)≥k

max
f ∈A

R∆2(f ) .

Nonlinear case:

λk = min
A∈Fk

max
f ∈A

R∆p(f ) .

Fk(Sp) :=

{
A = −Ā ⊆ Sp , s.t. ∃m ≥ k
∃ψ ∈C (A,Sm), ψ(x)=−ψ(−x)

}
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Nodal Domains

Nodal Domain

f : V → R.

Nodal domain of f = maximal
connected subgraph of

{f (u) > 0} and {f (u) < 0}

N (f ) = number of nodal domains
−

+

− −

+

+

−
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Cheeger constants

cut(A) =
ω
(
E (A → Ac)

)
#(A)

Dk(G) = {A1, . . . ,Ak ̸= ∅ |Ai∩Aj = ∅}

k-th Cheeger Constant ofG

hk(G) := min
P∈Dk (G)

max
A∈P

cut(A)

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
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Dirichlet Problem

Dirichlet p-Laplacian Eigen-equation

B ⊂ V BOUNDARY{
∆pf (u) = λ|f (u)|p−2f (u) u ∈ V \ B
f (u) = 0 u ∈ B

Distance

d(u, v) = min
u=u1
v=un

∑
ω−1
uiui+1

Boundary Distance

dB(u) = min
v∈B

d(u, v)

u
u

u

uu

u

u
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Limit p-Laplacian eigenequation p → ∞

Rk = sup

{
r s.t. ∃v1, . . . , vk
d(vi , vj) ≥ 2r , d(vi ,B) ≥ r

}


(
fk,p, λ

1
p

k,p

)
−−−−→
p→∞

(fk ,Λk)

∆pfk,p = λk,p|fk,p|p−2fk,p

1

RN (fk )
≤ Λk ≤ 1

Rk

k = 1, 2

Λk =
1

Rk
k = 1, 2

.

.

.

.

B

.

.

.

.

.

B
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Nodal domains count on a general graph

Theorem

G connected.
{λi}Ni=1 Variational Eigenvalues

(f , λ) → l(f ) constant sign loops,

→ z(f ) zeros,

→ β edges that differentiate G from a tree

P1. If (f , λ) is an eigenpair of ∆p, s.t. λ < λk , then.

N (f ) ≤ k − 1

P2. If (f , λ) is an eigenpair of ∆p, s.t. λ ≥ λk , then.

N (f ) ≥ k − β + l(f )− z(f )
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∞-Eigenvalue Problem

f → ∥∇f ∥∞
f → ∥f ∥∞

}
CONVEX FUNCTIONS

∂
(
x → ∥x∥∞

)
:=

{
q

∥q∥1

∣∣∣∣ qi = 0 if |xi | ≠ ∥x∥∞
|qi | |xi | = qixi

}
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Weighted Laplacian Characterization

∀(µ, ν) : (E ,V ) → R2
+

∆µf = −div D(µ)∇f = λD(ν)f
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Optimal Paths

Theorem

(f ,Λ) Infinite eigenfunction. ∀ u∗ s.t. qfv (u
∗) ̸= 0

14 of 16



Optimal Paths

Theorem

(f ,Λ) Infinite eigenfunction. ∀ u∗ s.t. qfv (u
∗) ̸= 0

1

Λ
= min

{
min

f (v)=−f (u∗)

length(γu∗v )

2
, length(γu∗B)

}
(♣)

γuv =Shortest path from u to v

14 of 16



Optimal Paths

Theorem

(f ,Λ) Infinite eigenfunction. ∀ u∗ s.t. qfv (u
∗) ̸= 0

1

Λ
= min

{
min

f (v)=−f (u∗)

length(γu∗v )

2
, length(γu∗B)

}
(♣)

γuv =Shortest path from u to v

γ∗ minimizer in (♣) ⇔ qfE (e) ̸= 0 ∀e ∈ γ∗

14 of 16



Optimal Paths

Theorem

(f ,Λ) Infinite eigenfunction. ∀ u∗ s.t. qfv (u
∗) ̸= 0

1

Λ
= min

{
min

f (v)=−f (u∗)

length(γu∗v )

2
, length(γu∗B)

}
(♣)

γuv =Shortest path from u to v

γ∗ minimizer in (♣) ⇔ qfE (e) ̸= 0 ∀e ∈ γ∗

qVqE
−

+

14 of 16



Heuristics

(µ∗, ν∗) = arg max
ν

arg min
µ

1

λk(µ, ν)
+

∑
e∈E

µe −
∑
v∈V

νv
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(µ∗, ν∗) = arg max
ν

arg min
µ

1

λk(µ, ν)
+

∑
e∈E

µe −
∑
v∈V

νv

k = 2 k = 3 k = 4
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Thank you for you attention!
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