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Introduction
We consider

{ y'(t) = Ay (1)

ie. y(t) =e”
y(0) =y v =<"s

Analysis of perturbations in the initial value yj.

Analysis of perturbations in the matrix A (next talk by A. Farooq).

We are interested in t large.

Errors are measured by a relative error rather than an absolute error.

Conclusions with relative error and absolute error are completely
different.

We use a normwise relative error.
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Relative Errors € and (1)

Initial value yp # 0 perturbed to y, with relative error

_ yo =l
g=1"_""1
ol

Solution y(t) perturbed to y(t) with relative error

1y () —y @]
ly@n

What is the relation between ¢ and 6(t)?

5(t) =
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Condition Numbers

Let N
Yo =Yo+elyll 2.
We have, with ¥ = %
» /5, Y0,40 5 s /5, Y0, . HetA}A/oH'
K(t, A y):= max K (t,A ¥ 20) = Heti” .
A= fas K(EAI02) = oy

20| =1

K (t,A) = yoen(g?éo}K(t,A,yo) - HetAH _ He—tAH '

We study the asymptotic behavior of K (t, A, yo,20) and K (t, A, yo).
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R ——
Partition of the spectrum

The spectrum {\y, ..., A\p} of Ais partitioned by decreasing real part:

A, = {)‘n, SESCRERE] A, = )‘])} Ay = {Nijs1, 5 A} Ar={M,..o, A}

u

Re

Tq T2 T

The real parts of the eigenvalues are ry > r, > --- > rg.
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Formula for the matrix exponential
Formula for a function f of matrix based on the JCF of A:

p mi—

i=1 1=0

where m; is the index of \; and P; are suitable matrices: Pjy is the
projection on the eigenspace of A;.
For the matrix exponential case, we have

=1 1=0
where L; := maxyea; M — 1 and
Q][ Z er wltP

NeEN,

with w; the imaginary part of A;.
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Notations

For scalar functions f(t) and g(t) of ¢
@ f(t)~g(t),t— +oo, means

f(t) = 9(1)(1 + (1)), (t)=0.

lim e
t—+oo
@ f(t) =~ g (t) with precision e means

f(t) = 9()(1 + (1)), le(t)] < e
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Asymptotic condition numbers
Theorem
In a generic situation for y, and Z,, we have, as t — +oo,

K (thay()vEO) ~ Ko (t,A,YO,EO) K(t A yO) ~ (t A yO)

where
Sy Qi ()] e,
KOO t7A7 , Z = TA s KOO t7A7
(A0 20) = g w7l B4 = [ (5l
with
Qi (1) := Z eV-Twitp
A EN
mi=Lq+1

As functions of t, K (t, A, ¥o,20) and K (t, A, yo) are bounded and
away from zero.
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Onset of the asymptotic behavior

E(t,A,/Z\o) + €(t, A, yo)
1— E(t, A7 yo)
e(t,A) + e(t, A Yo)
1— E(I',A,}A/Q)

K (t,A ¥0.20) ~ Kx (t, A, Yo, 20) , with precision

K(t A ¥) =~ K (L, A, ¥o), with precision

where
L1 1 q L
u(b)l 1)
t,A e t/ Ly || + ri— f1 I L1 /
A= 2 G > ZO: TR
Ly—1 q
Lyt ||Q1/ U|| r—n)t Ly! f-L ”Qj/(t)u”
LAU) = —fh + i—h 1
WAL= 2 T a0l Ze Z T, (]

Uu=yooru=2

e(t,A) - 0and ¢(t,A,u) — 0, t — 4o0.
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A generic real matrix A

Suppose A real in the generic situation: any A, j = 1,...,q, is
constituted by a unique simple real eigenvalue, or by a unique pair of
simple complex conjugate eigenvalues.

)j denotes the real eigenvalue and )\; and \; denote the complex

conjugate pair. Let vU) be an eigenvector of \; and let wU) be a left
eigenvector of );. Let

0]
= v = Y - H O)HH (,-)‘
e Al R B i
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Theorem

Suppose that \¢ is constituted by a unique simple real eigenvalue. For
Myy £ 0 and wVz, #0,

K (t A }’0720) Koo (t7Aay0) =15

@7

Onset of the asymptotic behavior:
e(t,A) <1, e(t,Auy<1foru=ysoru=2

q

u - =)
(LA <CY el (t A< oyl a)u.\w ul
- 1

=
C depends only on the dimension of A (C = 2 for a p-norm)
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Theorem

Suppose that \y is constituted by a unique complex conjugate pair of simple
eigenvalues of imaginary part wy. For w(Vy, # 0 and w1z, # 0,

~ w(z ~
Koo (thay07ZO) = iW(U?Zi ' Goo (t7A7y07ZO)
1
Ko (t7A7y0) = |W(1)5/\0’ - Goo (thJ’o),

where G (t,A, Yo, 20) and G (t, A, o) are periodic functions of t with period
2x. We have

9]

C\/1_‘/‘1SGOO (t7A7y0720)§ m
D

- < oo 7A7 S =S e
d\/1 V1 < G (T yo) m
where ¢, C,d, D depend only on the dimension of A (for the euclidean norm,
c=%, C=v2 d=1}, D=+v2)and V; = |(V))Tv] ¢ [0,1).
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In the asymptotic condition numbers

w()z
Ko (1A 030) = [0 G (A0
1

the factors
Geo (1A Y0,20), G (1, A, Y0)
are called oscillating factors and the factors
|wZ| 1
|W(1)?0| ’ ||7y(1)yo|

are called oscillation scale factors.
Onset of the asymptotic behavior:

e(t,A) <1, e(t,Au) < 1foru=Jyporu=2
g [0y

c ie(rffﬁ)tf .
ViV 2 oM

C depends only on the dimension of A (C = V2 for the euclidean norm)

e(t,A) < Z e(1— '1)"7, (t,Au) <
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Numerical test |

Matrix A from the MATLAB gallery test: A = gallery('lesp’, n) with
dimension n = 10.

The matrix has 10 distinct real eigenvalues: the rightmost two are
—4.5491 and —6.9531.

We use the euclidean norm.
K(t, A, yo) blue line.

Kxo(t, A Yo) = Ta75%] red line.
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Yo = ((—1 -2)/)1:1,...,10

s

25—
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N
Numerical test |l

Matrix A from the MATLAB gallery test: A = —gallery('parter’, n) with
dimension n = 10.

The matrix has five distinct complex conjugate pairs of eigenvalues:
the rightmost two pairs are —0.9066 + +/—1 - 2.7709 and
—1.601 + /-1 -2.366.

We use the co-norm.

K(t, A, yo) blue line.

Koo(thayO) = |V"V(11)y0| : Goo(t7Aay0) red line.

m yellow line.
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y0=(1,...71)
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¥o = (0.9,-1.4,0.2,0.2,-0.2,0.9, —0.4, —0.8,0.3,0.5)
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Non-normal matrices
Normal matrices have
Vy = |(v) v =0
j= 0 =151
in the euclidean norm.
Non-normal matrices have

V; arbitrarily close to 1
fi, j=1,...,q, arbitrarily large.

What is the impact of an high non-normality on the asymptotic
condition numbers?
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A1 is constituted by the real eigenvalue:

@ no impact on the asymptotic condition number B mA |'

] |mpact on the onset of the asymptotic behavior only when the ratios f ,

j=2,...,q, are large; possible delay on the onset: recall
_ q . A(j)u’
(r-—n)ti (r—n)tﬁ ) ‘W
e(t,A) < Cj§_2 el a e(t,Au) < C?_Z el f ||7v(1)u|

A1 is constituted by the complex conjugate pair:

@ impact on the oscillation factors G..(t, A, ¥, 2) and G (t, A, yo) only
when V; is close to 1; possible wide oscillations:

~ C D
Goo ta Aa ) S T GOO t7 A7 S
( Yo ZO) m ( }’0) m

@ impact on the onset of the asymptotic behavior only when V; is close to
1 or the ratios ff j=2,...,q, are large; possible delay on the onset:
{)
C g r r)t/ C - ri— r)t ‘W U‘
= LA U< (N
1—V1/-:ZZe ;o e(t,Au) < 1_\/1;6 7 \w(Uu]
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N
Numerical test IlI

A= VDV~ where V is the Hilbert matrix of order 8 and
D = diag(0.1,0,-0.1,...,—0.6).

We use the euclidean norm.
K(t, A, yo) blu line.

Keo(t, A, ¥0) = |W“1—)70| red line.
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y0=(1,...71)
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}’0=(17171717—17—1,—1,—1)
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Numerical test IV
A = Vdiag(v/—1,—v/—1,-1)V~" with

1T+v=1 1—y=1 1
1+v-1 1-v-1 0
1+09v/-1 1-09v-1 O

4

Since Re(v(")) and Im(v(")) are close to be linearly dependent,
V4, = 0.999 is close to one.

We use the euclidean norm.
K(t, A, yo) blue line.

Kyo(t, A, ¥o) = o J%| - Goo(t, A, yo, Zo) red line.

T#073%] (1)A| yellow line.
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Yo = (0, -0.72, —0.69)
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Conclusions
For a linear ODE, we have analyzed the long-time propagation of
perturbations in the initial value by looking to a normwise relative error.

In the generic situation, the initial error is asymptotically magnified in
the worst case by W‘—%‘ This term is multiplied by an oscillation term
when there is a complex conjugate pair as rightmost eigenvalues.

Non-normality has an impact only when:
@ Vj is close to one: the eigenvectors of the complex conjugate pair
are close to be linearly dependent;

@ ratios }% large: the inverse of the eigenvectors matrix has
non-rightmost rows much larger than the rightmost rows (by
assuming unit eigenvectors).

Talk by A. Farooq will deal with perturbations in the matrix, rather than
perturbations in the initial value.
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