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INTRODUCTION

“One of the most remarkable theorems in coding theory is Gleason’s 1970 theorem
about the weight enumerators of self-dual codes.”
N. Sloane

Properties of codes Symmetries of their weight
(or of families of codes) J “nnr enumerators J

[@ M. Borello, O. Mila. On the Stabilizer of Weight Enumerators of Linear
Codes. arXiv:1511.00803.
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BACKGROUND

g a prime power.

o A g-ary linear code C of length n is a subspace of [Fg.

o If c=(c1,...,cn) € C (codeword), the (Hamming) weight of c is

wt(c) :=#{ie{l,...,n} | ¢ # 0}

(Wt(C) = {wt(c) | ceC}).
o If C =C*1, the code C is called self-dual.

n
OCCF"WWCX}/ anwt Wtc):ZA’_aniy

ceC

i

with A; := #{c e C | wt(c) = i} (weight enumerator of C).
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BACKGROUND

C binary linear code.
DIVISIBILITY CONDITIONS
e Even: wt(C) € 2Z = we(x,y) = we(x, —y).
o Doubly-even: wt(C) € 4Z = we(x,y) = we(x,iy).

MACWILLIAMS’ IDENTITIES

o Self-dual = we(x,y) = we (%’ %)

GROUP ACTION

ab
o GL,(C) & Clx, y]: p(x, y)[c d] = p(ax + by, cx + dy).
@ For G < GL,(C), the invariant ring of G is

Clx,y]® :={p(x,y) | p(x,y)* = p(x,y) YA€ G}.

o Notation: for p(x,y) € C[x,y], S(p(x,y)) := Stabgr,(c)(p(x,y)).
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GLEASON’s THEOREM

THEOREM (GLEASON ’70)

Let C be a binary linear code which is self-dual and doubly-even. Then
WC(va) € (C[ﬁ-a f2]

where f; 1= wy _(x,y) and f 1= wg,, (x, y).

o C self-dual = we(x,y) = we (% X\g),

@ C doubly-even = we(x,y) = we (x, iy),

(o[ oo
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GLEASON’s THEOREM

C € F} self-dual and doubly-even.

CONSEQUENCES
@ 8|n (Gleason '71).
o d(C) <4|s]+4 (Mallows and Sloane '73).
If the bound is achieved C is called extremal.
e extremal and doubly-even = n < 3928 (Zhang '99).
o Is there an extremal self-dual code of length 72?7 (Sloane '73).

@ 24 | n and extremal

-~

U
all codewords of given weight support a 5-design (Assmus and Mattson '69)

v

MARTINO BoRELLO (PaARIs 8-LAGA) GAETA, 06.06.2017 5/ 13



QUESTIONS

Many generalization of Gleason’s theorem.

[@ G. Nebe, E.M. Rains, N.J.A. Sloane. Self-dual codes and invariant theory.
Vol. 17. Berlin: Springer, 2006.

What if MacWilliams’ identities do not give a symmetry?

OUR QUESTIONS
@ Which are the possible groups of symmetries?
o Given a weight enumerator of a code, which are its symmetries?
@ Are they shared by the whole family of this code?

o Can we determine with these methods unknown weight enumerators?
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POSSIBLE SYMMETRIES

For p(x,y) € C[x, y]n (h=homogeneous), denote

V(p(x,y)) == {(x:y) e P(C) | p(x,y) = 0}.

™2 5(p(x, y)) < GL2(C) = S(p(x,y)) < PGLy(C).
PGL(C) < PYC)  simply 3-transitive

([i Z],(X;y)> s (ax+ by : cx + dy)

induces

S(p(x,y)) & V(p(x,y))-

THEOREM (B.,MiLA)

#S5(p(x,y)) <0 e #V(p(x,y)) = 3.

GAETA, 06.06.2017
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POSSIBLE SYMMETRIES

THEOREM (BLICHFELDT 1917)
If H<PGL,(C) is finite, then H is conjugate to one of the following:

° <[é£ﬂ]> ~ C,, for a certain me N,

o {[62].1951) ~ D, for a certain me N.

o {[aa].[14]) =~ A

o {[391.[1 1] =S

o {[5 4], [1 4] [&75]) = As where w = (1= V5)i — (1 + V5).

COROLLARY

If #V(p(x,y)) = 3, then JA € GL,(C) s.t. S(p(x,y))" is a central extension of
one of the groups listed above.

v
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THE ALGORITHM

Input: p(x,y) € C[x,y]n of degree ns.t. p(1,0) # 0.
1. G:=.
2. V :=Roots0f(p(x,1)) = {x1,..., Xm}.
3. If m < 3, then print(‘Infinite group”) and break; else
V3 := {all ordered 3-subsets of V}.
4. For {x1,x5,x5} € Vis:
x1a+b—xyxac—x3d =0
4A. Solve { x2a+ b— xzx2c — x3d = 0 (the unknowns are a, b, c, d).
x3a+ b—xjxsc—x3d =0
Call a, b, ¢, d one of the o0 solutions.
4p. If {ﬁ”ﬁ | x e V} =V, then

cx+d
b
4B1. A= [EQ]'
4ABIL. A= p(ac) p._ ATLUnA,

p(1,0) "
4ptn. If p(x,y)B = p(x,y), then G := G U {(sB | (n e Cs.t. (N =1}.

Output: G = S(p(x,y)).
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REED-MULLER CODES

© RMq(r,m) :={(f(a))aerr | f € Fg[xa,...,xm] of degree <r}c Fg".

Dimension and minimum distance known.

Weight enumerator Counting F,-rational points
of a RMgy(r, m) code J “nns of hypersurfaces in A™(F) J

[3 N. Kaplan. Rational Point Counts for del Pezzo Surfaces over Finite
Fields and Coding Theory. 2013. Thesis (Ph.D.) - Harvard University
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REED-MULLER CODES

REMARK

RMo(r,2r + 1) self-dual and doubly-even = S(wg iy (r2r+1) (X, ¥)) = Sa.

THEOREM (B.,MILA)
If one of the following holds
e g=2and m=>3r+1,
e ge {3,4,5} and m > 2r + 1,
eg>5andm>=r+1,
then S(wr i, (r,m) (X, ¥)) and S(Wrat,(m(g—1)—r—1,m) (X, y)) are cyclic or dihedral.

4

THEOREM (B.,MiLA)

§(WRM4(1,1)(X,)/))=<[3_1/;7156j3—ﬁ] (123 > Vs

so that wp aq,(1,1)(x, y) € C[f, fg] where
fi :=2x*+(34++/—15)xy + (3—+/—15)y?, f := 53x* —36x3y — 18x%y® +636xy°> +213y
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REED-MULLER CODES

TABLE: S(WR A, (r,m) (X, ¥))

) Ml1)l23| 4|5 |67
0 0

1 0 54

2 0 0 54 D4 Dg
3 o | oo | D, Sy
4 o | o | © 0 Dg
5 o | oo | 0 o0

6 0 | 00 | 0 0 0

MARTINO BoORELLO (P GAETA, 06.06.2017 12 / 13



REED-MULLER CODES

TABLE: S(Wgr s (r,m) (X, Y))

TABLE: S(Wr g (r,m) (X, ¥))

M| 2 | 3

M1 2] 3] 4 r
r 0
0 1 Vs
1 G| G | Gy 2 Id} | G
2 o | G 3 o | {Id}
3 o0 4 0 ?
4 o | GCo 5 o0
5 o0 | o 6 w | G
6 o | 0 Cyy 7 0 0
7 o0 | 00 (0] 8 0 0

OPEN PROBLEM

Understand the general behavior and deduce properties and new weight

enumerators.
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Thank you very much for the attention!
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APPENDIX A

o CcIFyst #V(we(x,y)) <3.

THEOREM (B.,MiLA)
One of the following holds:

o C ={0}
o C = ]Fg;
n/2
e nis even and C is equivalent to (P[1, 1];
i-1

o niseven, g =2and we(x,y) = (x> +y?)"2.

OPEN PROBLEM
Is it possible to classify all the binary codes of even length n with weight

enumerator (x> + y?)"/??

GAETA, 06.06.2017 13 / 13
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APPENDIX A

M := {binary codes of length n and weight enumerator (x2+ y?)"? | ne€ 2N}/ ~,

LEMMA

(M, ®) is a semigroup.

e the [2,1,2] code X} with generator matrix [1, 1];
e the [6,3,2] code X, with generator matrix

100111
010111
001111

o three [14,7,2] codes, X3, X4 and X5, with generator matrices [/|X3],[/|X4]
and [/|Xs] respectively, where

1110000 1111100 1010100

1110000 1111100 1010100

1110000 1111100 1010100

Xz:=|1001111|, Xg:=]1111100(f, Xsg:=]|1010100

1001111 1111010 1110101

1001111 1111010 1110101

1000000 1111111 1111111

and [ is the 7 x 7 identity matrix.

Minimal set of generators? Infinitely many? )
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APPENDIX B

EXAMPLES

@ [n, 1, n] repetition code with n > 3:
we(x,y) = x" +y" wo S(we(x,y)) = Dy.
e [12,6,6]s ternary Golay code:
we(x,y) = x12 +264x%y® + 440x3y° + 24y1% s S(we(x,y)) =~ As.
o [8,4,4] extended Hamming code:

we(x,y) = x® + 1ax*y* + y® v S(we(x,y)) ~ Sa.

OPEN PROBLEM

Is there a code C such that S(we(x,y)) ~ As?
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