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ABSTRACT. We study groups in which all infinite subgroups are centralizers. Such groups are periodic;
we completely describe them in the additional hypothesis that they are locally graded.

Centralizers in a group G form a subset C(G) = {Cq(H) | H < G} of the lattice L(G) of all subgroups
of G; of course this subset is closed under taking (arbitrary) intersections, but usually it is not join-
closed. Gaschiitz [4] described those finite groups G in which all subgroups are centralizers, that is,
such that C(G) = L(G). The corresponding result for infinite groups is due to Stonehewer and Zacher
[8], Corollary 6.2: a locally graded group G satisfies C(G) = L(G) if and only if it is periodic and has
a Hall decomposition in which each factor is nonabelian of order the product of two primes. Here, as
elsewhere, by a Hall decomposition of a periodic group we mean a decomposition as a direct product in
which elements from different factors always have coprime orders. For the sake of shortness we shall also
call groups of type pq the nonabelian groups whose order is the product of two (necessarily different)
primes.

It is worth mentioning that every group in which all subgroups are centralizers is periodic (see [9],
Proposition 4.1) and that Tarski groups provide more examples of groups with this property.

We use brackets to denote intervals in the subgroup lattice of a group. In this notation C(G) C
[G/Z(G)] ={H <G| Z(G) < H} for all groups G; Reuther [5] determined the structure of those finite
groups G for which C(G) = [G/Z(G)], also see [2]; the infinite case is discussed in [1].

A useful tool in obtaining these results is the centralizer mapping: H € L(G) — Cq(H) € L(G). If
H is a subgroup of a group G it is clear that Cg (Cg(H )) is the smallest centralizer in G containing H.
Thus H € C(G) if and only if H = C(Cg(H)). Therefore the centralizer mapping induces a duality in
the poset C(G).

We are interested in those groups in which every infinite subgroup is a centralizer. Let us call (IC)
the class of such groups. We shall see that all (IC)-groups are periodic (Corollary 1.5). As is so often the
case for properties defined by restrictions on infinite subgroups, on the one hand it is necessary to impose
extra hypotheses on the groups considered, to exclude some groups, difficult to handle, all whose proper
subgroups are finite. On the other hand, even under fairly general solubility or finiteness assumptions,
imposing some restrictions on the infinite subgroups is in many cases equivalent to imposing them on
all subgroups. In our case, it turns out that for infinite locally graded groups G the property (IC) is
equivalent to the condition C(G) = L(G) considered by Gaschiitz, Stonehewer and Zacher, unless G is
a finite extension of a Priifer group. Therefore, in this paper we shall mostly deal with Priifer-by-finite
groups.

Our main result is the following classification of locally graded (IC)-groups; it turns out that they
are either finite or soluble. Let us say that a finite group is of Gaschiitz type if all subgroups of its are
centralizers, that is, if it has a Hall decomposition whose factors are groups of type pq.

Theorem. Let G be an infinite locally graded group. Then G € (IC) if and only if either C(G) = L(G)

or G has a Priifer p-subgroup P of finite index (p a prime) and one of the following holds:

(a) G =P x F, where F is of Gaschiitz type;

(b) G =R x F, where R is a p-group and F is a p'-group of Gaschiitz type, P = Z(R) < R, R’ is cyclic
and R/P has modular subgroup lattice;
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(¢) G = C(z), where C = Cg(P) has prime index q in G, also C = P x F where F has a Hall
decomposition Fy x Fy x --- x F,, whose factors are of type pq (hence F' is of Gaschiitz type),
[FoF5 -+ Fp,x] = 1 and one of the following holds:

(cl) [Fy,x] = 1 and q does not divide |F|; moreover either 29 =1 or p = q = 2 and z? is the element
of order 2 in P;

(c2) 27 =1#27€ Fy;

(¢3) p=q=2andF; = (y) x(h) is dihedral of order 2r, where r is a prime congruent to 1 modulo 4,
22 = uh, where u is an element of order 4 in P, [h,z] = u? and x induces an automorphism of
order 4 on (y).

(d) p=2and G = Gy x F, where F is of Gaschiitz type and has odd order, G1 is a 2-group, P < C' =
Cq,(P) < Gy and P = Cg,(C), and G1/P is elementary abelian;

Examples of groups of each of the types described can be constructed in a straightforward way. It
can also be mentioned that there is no overlap between the cases considered in the Theorem: a group G
can satisfy at most one of (a), (b), (cl1), (¢2), (¢3), (d). For the only (possibly) doubtful case (c) see the
Remark following Lemma 2.5.

1. PRELIMINARY RESULTS

Lemma 1.1. Let G be a group and let U < G. If [G/U] C C(G) then Cy (Cy(U)) = UZ(V) for all
V e [G/U].

Proof. Let U < V < G. Since V is a centralizer V = Cg(Cg(V)), hence Cy(U) = V N Ce(U) =
Cg(c(;(V)) N Cg(U) = Cg(UCG(V)). Then Cg(cv(U)) = OG(Cg(UO(;(V))) = UCG(V), because
UCq(V) is a centralizer too. Therefore Cy (Cy (U)) =V NUCe(V) =U(VNCq(V)) =UZ(V). O

In other words: if every subgroup containing U is a centralizer then U is a centralizer in a subgroup V
containing it if and only if Z(V) < U. It is not hard to deduce from this a remark made by Antonov
([1], Lemma 1.1): the class of groups in which all subgroups containing the centre are centralizers is
subgroup-closed.

Another easy lemma which will be of some use is the following.

Lemma 1.2. Let G be a group, A € C(G) and suppose that A is abelian and B = Cg(A). Then
A= Z(B) and, for all H € [B/A], H is a centralizer in G if and only if it is a centralizer in B.

Proof. Since A is a centralizer then A = C¢(Cg(A)) = Ca(B) = Z(B). Now, if H € [B/A] then also
Ce(H) and C(Ce(H)) are in [B/A]. Hence C(Ce(H)) = Cp(Cp(H)) and the result follows. O

Lemma 1.3. Let the periodic group G have a Hall decomposition G = R x F where R is infinite and
F is finite. Then G € (IC) if and only if R € (IC) and every subgroup of F is a centralizer.

Proof. Every H < G can be written as H = (HN R) x (HNF), and C(Cq(H)) = Cr(Cr(H N R)) x
Crp(Cr(HNF)). Hence H € C(G), that is H = C¢(Ce(H)), if and only if H N R is a centralizer in R
and H N F is a centralizer in F. Moreover, H is infinite if and only if H N R is infinite. The lemma
follows. O

Let G € (IC). If every finite subgroup of G is the intersection of some infinite subgroups then every
subgroup of G is a centralizer. Thus we can restrict our investigation to groups not having the former
property. This excludes residually finite groups and, more generally, all groups in which every finite
subgroup is contained in an infinite residually finite subgroup. The presence of an abelian subgroup not
satisfying the minimal condition triggers this latter property in (IC)-groups.

Lemma 1.4. Let G € (IC). If G has an abelian subgroup not satisfying Min then C(G) = L(G).

Proof. If G is not periodic let A be an infinite cyclic subgroup of G. If, instead, G is periodic and B
is an abelian subgroup of G not satisfying Min let A be the socle of B. In either case A is residually
finite and there exists a strictly decreasing sequence (A, )nen of (infinite) subgroups of A such that
MNpen An = 1. For all n € N let C,, = Cg(A,). Since A, € C(G) for all n € N, the centralizer map
induces an auto-duality in C(G) and [, oy An = 1, we have that (J,,cy Cn = (Cp [n €N) = G. Let H
be a finite subgroup of G. Then H < C,, for some n € N, and so (H, A,,) = A, H is an infinite residually
finite group. Therefore H is intersection of infinite subgroups of A, H (of finite index in A, H) and so
H € C(G). This proves the lemma. O
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Corollary 1.5. Every (IC)-group is periodic.

Proof. Let G be a nonperiodic (IC)-group. Then C(G) = L(G), by Lemma 1.4. This is impossible for a
nonperiodic group, as we observed in the introduction. O

Lemma 1.6. Let S be an infinite subgroup of the (IC)-group G, and let C' = C(S). Then L(C/Z(C))
is self-dual. If C' is locally graded then it is soluble.

Proof. Property (IC) yields S = Cg(C), hence SN C = Z(C), furthermore [CS/S] C C(G). For all
H e [C/Z(C)] wehave H = SHNC € C(G), thus [C/Z(C)] C C(G). Moreover Cg(CS) = SNC = Z(C),
hence the centralizer map induces an anti-isomorphism [C'S/S] — [C/Z(C)]. But CS/S ~ C/Z(C),
hence L(C/Z(C)) is self-dual. Tt is straightforward to check that the duality of L(C/Z(C)) obtained
by composing the natural isomorphism [C/Z(C)] — [CS/S] with the centralizer mapping [C'S/S] —
[C/Z(C)] is the mapping H € [C/Z(C)] — Cc(H) € [C/Z(C)]. If C is locally graded then C/Z(C) is
locally graded (see [7]). Now the lemma follows from [8], Theorem E. O

Lemma 1.7. Let G be an infinite, locally graded (IC)-group. Then either C(G) = L(G) or G is a finite
extension of a Priifer group.

Proof. By Corollary 1.5, G is periodic. In view of Lemma 1.4 and a well-known theorem by Sunkov
(see, e.g., [6], vol I, pag. 98), we may assume that every locally finite subgroup of G is a Cernikov group.
Assume that G is not Cernikov. Then G has some finitely generated, infinite subgroups. We claim
that every such subgroup has finite centralizer. Let H be such a subgroup and let S = Cg(H). Then
H = Cg(9), hence, if S is infinite, Lemma 1.6 yields that H is finite, a contradiction. Thus the claim
is established. For the same H, the centralizer map induces a bijection from [G/H] to C(G) N L(S),
hence [G/H] is finite. Therefore G is finitely generated. Since G is locally graded it has a proper normal
subgroup N of finite index; since N7 is finitely generated as well it also has a proper G-invariant subgroup
of finite index. This suggests how to define a strictly decreasing sequence (N;);en of normal subgroups of
finite index in G. For all ¢ € N, the centralizer C; := Cg(N;) is finite, because N; is infinite and finitely
generated, and C; < C;11, because the centralizer map restricted to the set of infinite subgroups of G is
injective. Therefore K := J,.y C; is an infinite, locally finite subgroup of G, hence it is Cernikov. Let
J be the finite residual of K. Then J <1 G. There exists n € N such that C,, contains the set X of all
elements of J whose order is cube-free. By a theorem of Baer (see [6], Lemma 3.28), the only periodic
automorphism of J fixing X elementwise is the identity, therefore [Ny, JJ] = 1. This is a contradiction,
because C,, = C(N,,) is finite. Therefore G is Cernikov; let R be its finite residual. If R is not a Priifer
group then the set S of its infinite subgroups is infinite. The centralizer of each element of 8 lies in the
finite interval [G/R]. However 8§ C C(G), hence the restriction of the centralizer map to 8 is injective.
This is a contradiction, so R is a Priifer group and G is Priifer-by-finite. O

Thus from now on we need to consider Priifer-by-finite groups only. Note that Priifer-by-finite groups
necessarily have finite subgroups which are not centralizers, as follows from an argument similar to that
in the final part of the proof of Lemma 1.7. As a matter of fact, at most one of the proper subgroups of
the Priifer subgroup of a Priifer-by-finite (IC)-group is a centralizer, as will be seen in Lemma 2.3.

In the special case when G is a 2-group the following easy remark will be of some use.

Lemma 1.8. Let G be a 2-group, and suppose that G is a finite, noncentral extension of a normal
subgroup P ~ Cye. Let C' = Cg(P) and x € G\ C. Then C¢/p(xP) = Cc(x)P/P.

Proof. Let ¢ € C be such that [c,z] € P. Then [c,z] = b? for some b € P. It is clear that = acts
on P like the inverting automorphism, thus b* = b=!. Hence [bc, z] = b=2[c,x] = 1, so bc € C(x) and
ce Ceo(x)P. O

2. NECESSITY

We fix the following notation that will be in use throughout this section. G is an (IC)-group with a
(normal) subgroup P ~ C,e of finite index (p a prime). We also let C = C¢(P). We shall show that G
satisfies one of the conditions (a—d) of the Theorem in the introduction. For a start, it is clear that G/C
is cyclic and |G/C| < 2 if p = 2, while |G/C| divides p — 1 otherwise.

The infinite subgroups of G are precisely those containing P. Also, P is a centralizer, hence Z(G) < P;
actually P = Cq(C(P)) = Ca(C) = Z(C). Of course, in the case when Z(G) = P then the property
that G € (IC) amounts to saying that G has the property that C(G) = [G/Z(G)] considered in [5, 1].



4 MARIA ROSARIA CELENTANI, GIOVANNI CUTOLO AND ANTONELLA LEONE

From the descriptions that will follow it is easy to see that the class (IC) is not closed under taking
subgroups; however the following weaker property holds.

Lemma 2.1. Let V be an infinite subgroup of G. Then V € (IC) if and only if Z(V) < P.

Proof. Since V is infinite P < V. If V' € (IC) then P is a centralizer in V', hence Z(V) < P. Conversely,
if Z(V) < P and U is an infinite subgroup of V then Z(V) < P < U and so Lemma 1.1 yields
Cy (Cy(U)) =U. Hence V € (IC). O

Lemma 2.2. C € (IC). Moreover C' = R x F' where
(i) R is a p-group such that P = Z(R), R/P has modular subgroup lattice and R’ is cyclic;
(ii) F is of Gaschiitz type;

(iii) if P < R then p does not divide |F|.

Proof. By Lemma 2.1, or by Lemma 1.2, C € (IC). Since PC’ is a direct factor of C' modulo C’ there
exists K < C such that C = PK and PN K = PN(C’. As (' is finite, because C is centre-by-finite, K
is finite as well; also note that Z(K) = PN K. Now H € [C/P] — HN K € [K/P N K] is a bijection
and any given H € [C/P] is a centralizer in C' if and only if H N K is a centralizer in K. Thus the fact
that C' € (IC) is equivalent to the property that every subgroup of K containing Z(K) = PN K is a
centralizer in K. Hence Reuther’s theorem in [5] applies, thus K = A x B where A is abelian and B has
a Hall decomposition

B =By XxByx---x By, (*)

where each of the subgroups B; either has prime-power order (with B} cyclic and B;/Z(B;) modular) or
is a semidirect product of two cyclic groups of prime-power order and such that B;/Z(B;) is of type pq.
Recall that Z(K) = PN K is a cyclic p-group, hence A < P and either A =1 or Z(B) = 1. In the
latter case all factors B; in (x) are of type pq; if this happens then (i-ii) are satisfied if we let R = P
and F' = B. Thus we may assume Z(B) # 1, hence A = 1. There is no loss of generality in further
assuming Z(B;) # 1. Since Z(K) is a p-group this yields that p divides |B;|. Therefore all factors B;
in (%) with ¢ > 1 are p’-groups, so they have trivial centres and hence are of type pq. If B; is a p-group
let R = PBy and F' = By X --- X B,; also in this case (i-iii) are satisfied, because R/P ~ B1/Z(B1)
has modular subgroup lattice. The remaining possibility is that By/Z(Bj) is of type pq, of order pq for
some prime ¢ # p. Since Z(Bj) is a p-group any Sylow g-subgroup of B; has order ¢, hence By = (a,b),
where a has p-power order, a? € Z(By) < Z(K) < P and b? = 1. If ¢ < p then (a) < B;. Since b
centralizes (aP) # 1 this implies that b acts nilpotently on (a), which is a contradiction. Thus ¢ > p,
hence (b) <9 By. There exists ¢ € P such that ¢™? = a”. Hence ca has order p and so By := (ca,b) is of
type pg. If welet R=P and F = By x By X -+ X B, once again (i-iii) are satisfied. Now the proof is
complete. O

Lemma 2.2 shows that if our group G is such that C' = G, that is, P = Z(G) then it satisfies either (a)
or (b) of the Theorem. Therefore from now on we shall assume that C' < G or, equivalently, Z(G) < P.

Lemma 2.3. If C < G then |G/C| is prime.

Proof. If p = 2 then |G/C| = 2, so we may assume p > 2. The centralizer map induces an anti-
isomorphism from [G/C] to the set § = C(G) N L(P) of all subgroups of P which are centralizers in G.
Let X < P and suppose that X € C(G). Then Y := Cg(X) > Cg(P) = C. But every element in
G ~\ C acts fixed point freely on P, hence X = Cg(Y) = Cp(Y) = 1. Thus 8§ = {1, P} and the result
follows. (]

For the rest of this section we let ¢ = |G/C| > 1 and fix a g-element z € G \ C, so that G = C(z);
further we let L = Cc(x). Note that L is finite since P £ L. Also note that Cp(z) = Q1 (P) = Z(G)
has order 2 if p = 2, because in this case b* = b~! for all b € P, while Cp(z) = Z(G) =1 if p > 2.

Lemma 2.4. In the notation just established,

(i) L= Cg(P(x)) and Cg(L) = P(z);
(ii) P(x?) = Cg(PL) and Cg(P(x?)) = PL;
(lllg Z(L) = Z(G){(z?) = Cq(PL(z)) and Cg(Z(L)) = Ca(x?) = PL(x);

(iv) the centralizer map induces an anti-isomorphism from [P(xz?)/P] to [C'/PL).
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Proof. Clearly C:(P(z)) = Ce(P) N Cq(z) = Ce(x) = L. Moreover P(z) = Cq(Ca(P(z))) = Ca(L).
Thus (i) is proved. Next, Cq(PL) = Co(P)NCq(L) = CN Plz) = P(CN{x)) = P{x?), and (ii)
follows. Now Cq(PL{z)) = Co(L{(z)) = Cr(L) = Z(L). On the other hand Z(L) = L N P{x) by (i).
Since C' N P(z) = P{(z%) we have Z(L) = LN P{z%) = (LN P){z9) = Z(G)(z?). Thus PL{z) =
Ca(Ca(PL(z))) = Ca(Z(G){(z?)) = Cg(x?) and also (iii) is proved. Finally, the intervals [P(z?)/

and [C/PL] are contained in C(G), hence (ii) shows that the former is mapped onto the latter by t
the centralizer map, and (iv) follows. O

We fix yet another piece of notation: we let R be the (uniquely determined) subgroup defined in
Lemma 2.2. We shall consider the two cases R = P (that is, Z(C/P) = 1) and R > P (that is,
Z(C/P) # 1) separately. The former is settled by the next lemma, showing that in this case G has the
structure described in (c) of the Theorem.

Lemma 2.5. Let C' < G and suppose that P = R. Then C = P x F' where F has a Hall decomposition
Fy x Fy x --- x F,, whose factors are of type pq, and one of the following holds:

(1) [F,x] = 1 and q does not divide |F|; moreover either 19 = 1 or p = q = 2 and 2? is the element of
order 2 in P;
(2) 1#27€ Fy and [FoF5--- Fp,x] = 1;
(3) p=¢q =2 and Fy = (y) x (h) is dihedral of order 2r, where r is a prime congruent to 1 modulo 4,
2% = uh, where u is an element of order 4 in P, and x acts on F as follows:
- [ha]= u2;
— z induces an automorphism of order 4 on (y);
— [F2F3Fn,$] =1.

Proof. Let F and its factors Fy, Fy, ..., F, be defined as in Lemma 2.2, so that C = P x F. Recall
that (z?) = C' N (x). Since z is a g-element and the factors F; have pairwise coprime orders, either
z? € P (and hence [F, 2% = 1) or 7 € PF; \ P (hence F; N P(x) # 1) for exactly one j € {1,2,...,n},
in which case F; N P(x) = 1 and [F;,z9 = 1 for all i # j. We also know, from Lemma 2.4(ii), that
Ca(P(x?) = Co(z?) = PL. Thus F; < PL for all i € {1,2,...,n} such that F; N P(z) = 1. Our first
aim is showing that, at the expense of redefining one of the factors Fj, if needed, the following stronger
statement holds:

for all i € {1,2,...,n}, if F; N P(x) =1 then g does not divide |F;| and F; < L. (%)

Let ¢ € {1,2,...,n} be such that F; N P(x) = 1. Then, as already remarked, F; < PL. By the same
remark, [C, z] < PJ, where J is the (only) factor Fj such that F; N P(z) # 1, if there is such a factor, and
J =1 otherwise (it is clear that P.J is a-invariant); hence F; N [C,z] = 1. Suppose that ¢ divides |F;|,
so that F; has an element g of order q. Let H = P{xg). If x € H then g € H and so g € P(x),
because H/P is a cyclic g-group, ¢ ¢ P and g? = 1. This is impossible, as F; N P(z) = 1, hence
¢ H. But H = Cg(Cg(H)), since G € (IC), hence there exists ¢ € C(H) such that [c, z] # 1; clearly
Ca(H) < C,s0ceC. Now [c,zg] = 1, hence 1 # [c,z] = [c,g]79 . This is a contradiction, as [c, g] € F;
and F; N[C,z] = 1. Therefore g does not divide |F;|. Next, if F; £ L there exists f € F; \ L, but f = bl
for suitable b € P and | € L. Now f ¢ (b~'f) < L; since [b=%, f] = 1 and f has prime order it follows
that f is a p-element, hence f? = 1 and b=? = (b=1f)? € PN L. Also, since ¢ does not divide |Fj| it
follows that p # ¢, hence p > 2, so that PN L =1 and b* = 1. Now |F;| = pt for some prime ¢ # p. If
(f) < F; then F; is generated by t-elements, since it is of type pg. In thiscase F; = (g € C' | ¢¢ = 1) < G,
so [Fi,z] < F;N[C,z] =1 and F; < L. Otherwise, the proper nontrivial normal subgroup (k) of F;
has order t, hence F; = (k) x (f). Then F; ~ F} := (k,b~'f) and PF; = PF}. Moreover (k) < G,
because (k) is a normal Sylow subgroup of C, hence [k,z] € (k) N P = 1 (recall that F; < PL, hence
[F;,z] < P), thus k € L and F;* < L. Therefore we may substitute F;* for F; (and change F' accordingly)
to establish (x).

Now, (z)NP =1ifp > 2, as ¢ # p in this case, and [(z) N P| < 2 if p = 2, since « induces the inverting
automorphism on P in this second case. Therefore (x) yields (1) if 27 € P. Suppose that 27 ¢ P. Up to
relabelling the subgroups F; we may assume that 2¢ € PFy, hence [FoF5 -+ F,z] =1 by (x). If p > 2
then 29 € Fy, because all g-elements of PF; are in Fy. In this case, and also if p = 2 and 22 € F, (2)
is satisfied. In the remaining case p = ¢ = 2 and F} is a dihedral group, 22> = uh where 1 # u € P
and h is an element of order 2 in Fy. We have Fy = (y) x (h) for some y. If u?> = 1 then z* = 1 and
F} = (y,2°) ~ Fy; as above we may replace F; with F} so that we are reduced to the previous case
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and (2) holds. Finally, suppose u? # 1. As 2 = uh we have 1 = [uh, x] = u~2[h, x|, because u* = u~!
and [u, h] = 1. Hence [h, ] = u? and 1 = [h?, 2] = [h,z]?> = u*. Thus u has order 4. Also, if r is the order
of y then (y) is the only Sylow r-subgroup of C, hence (y) <t G, and z induces on (y) an automorphism,
of order 4 because [22,y] = [h,y] # 1 and 2* = u? € Z(G); hence r =1 mod 4. Then (3) holds in this
case. The proof is complete. ([

Remark. Cases (1-3) of Lemma 2.5 are mutually exclusive. Indeed, in case (1) all g-elements g € GNC
satisfy g7 € P, which is false in cases (2) and (3). Also, X := Q1 (P)F < G, as X is the set of all elements
of square-free order in C. To exclude that G can satisfy (2) and (3) at same time note that, if ¢ = 2 and
g=abf € GNC, where b € P and f € F, then g*> = (vb)? = 22 modulo X. Thus ¢ € X in case (2)
but g% ¢ X in case (3).

Now we turn our attention to the case in which P < R. The structure of (IC)-groups of this type
is much more restricted than in the previous case. Our next Lemma (together with Lemma 1.3) shows
that their study reduces to the case of 2-groups.

Lemma 2.6. Let C < G and suppose P < R. Then p =2 and G = R{(z) x F, where R(x) is a 2-group
and F' is a group of Gaschiitz type and odd order.

Proof. Let R and F be as in Lemma 2.2, so R x F is a Hall decomposition of C. It follows that
L =(RNL)x (FNL), hence Z(RNL) < Z(L). If p > 2 then Z(G) = 1 and Z(L) < (z) by
Lemma 2.4(iii). Thus Z(RN L) < (z), but ¢ # p, hence Z(RN L) = 1. Since R is nilpotent RN L =1
and L < F. Thus R < Cg(L) = P{x) by Lemma 2.4(i). This is a contradiction, because P < R and p
does not divide |P(z)/P|. Therefore p = 2, hence ¢ = 2, so R(x) is a 2-group while |F| is odd. Then
Cr(L) = FNP(zx) =1 (see Lemma 2.4(i)). As L = (LNR) x (LN F) it follows that Cp(LNF) = 1.
But L(F) = C(F), hence LNF = Cp(Cr(LNF)) = F, that is, [F, 2] = 1. The lemma follows. O

So we only need to consider the case when G is a 2-group. In this case R = C and C/P has modular
subgroup lattice, by Lemma 2.2. Our first aim is showing that this quotient actually is abelian.

Lemma 2.7. Suppose that G is a 2-group and C' < G. Then C/P is abelian.

Proof. By Lemma 2.2, C’ is cyclic. Suppose that C' £ P. Let bars denote images modulo P. The
centralizer map induces an anti-isomorphism of [C'/P] onto itself, hence Proposition 5.2 of [8] shows that
there exist u,v € C such that, after setting K = P(u,v), we have K = (i) x (v), where @ and © have
the same order 2" and [, 7] = @  for some integer s such that 2 < s < n; moreover C = K x T where
T = Cq(K), and T is abelian of exponent at most 2°. We may actually assume K’ < (u). For, K’ is
cyclic and K'P = (u?")P, hence K’ = (bu®") for some b € P. There exists z € P such that 22" = b,
hence ((zu)?") = K’ and we may substitute zu for v. Now (u) N P = (u) N Z(C) = Cy,(v), because
[u, PT] = 1. Since ([u,v]) = (u*") it follows that |P N (u)| = 2°. As K’ < (u) and K’ £ P we have
Pn{uy < K', hence PN (u) = PN K'. Since C’ is cyclic and K’ < C’ a similar argument yields
PNC'"=PNK'. Hence PNC'=PN(u). Then |[PNC'|>2,ass>1. Now L'’ <’ and |[LNP| =2.
Therefore PN C’ £ L' and so L’ < PN C’, hence |L'| < 2; as a consequence L? < Z(L) < P(z*)—see
Lemma 2.4(iii).

Let 2™ be the order of 22 modulo P. Then m < n, because 2" = exp(C). Also, from Lemma 2.4(iv)
it follows that 2™ = |C' : PL|. Let X = PLN K and Y = P(2?) N K. Then |Y| < 2™ and |K : X| =
|KL : PL| < 2™. Next, X2 <Y, because L? < P(z?), hence |X/Y| < 4, because K/P is metacyclic.
Thus 22" = |K| < 22"*2 and n < m + 1. Moreover, if n = m + 1 then |X/Y| = 4 and Y = P{(x?),
hence X2 = P(z?) and 22 € ¢%P for some g € L (note that X/P is abelian, as L' < P). In this case
r1 = 29" ! € G\ C and 2? € P. By repeating the argument in this paragraph with x; in place of x
(and hence 0 in place of m) we obtain n < 1. But then |K/P| < 4 and K is abelian, a contradiction.
Hence m = n. We have proved that all elements of G ~. C have the same order, namely 2"*!, modulo P.

In particular, 2P has order 2", hence 2 = u'v/t, where ¢t € T and the integers 7, j are not both
even. If i is odd let u; = u’t and K; = P(up,v). Then @; has order 2" and [u,9] = @'? = 4} , hence
K, ~ K. Moreover Ci (K1) = P because [t, K] =1 and Z(K) = KNT = P, but Q1(K;) = Q1(K);
it follows that Z(K;) = P. Hence K1 NTy; = P, where T1 = Cg(K7). As the centralizer map induces
a duality in [C/P] we have |C : Ty| = |K;/P|, hence C = K; x Ty. Also, C'C* = (a*,7%") < K;,
hence T{Tfs = 1. This shows that we may replace u with u; in our argument. After this substitution

22 = uv/ € K. In the other case, when i is even, j is odd. In this case we let v; = vt/", where jj* = 1
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(mod 2%), so that x? = uiv{. Arguing as for the previous case we see that there is no loss of generality
in substituting v; for v. Thus, in either case, we may assume 2% € K.

Now we have PL = Co(2?) > Co(K) = T, by Lemma 2.4(ii). Hence [T, 2] < [PL,z] = P < T, so
T <G and K = Cg(T) < G. Also, Co(K{x)) < T and K{x) N C = K(z?) = K, hence Z(K(x)) <
TNK = P. Therefore K{(z) € (IC) by Lemma 2.1, so we may assume that G = K( ) and so C = K.
Then L < P(z?), because |K/P| = 22" and 2" = |P(2?)/P| = |C : PL|, as we already observed. All
elements of G \ K have order 2"*! modulo P, and exp K? = 2"~!. Thus G/K? is a group of order 8
in which the elements of order at most 2 form the subgroup K/K? of order 4. It follows that G/K?

is abelian. Since s > 1 the factor K/K* is abelian—and likewise KQi/Kzi+2 for all i € N. By an easy

induction (or by a standard property of powerful p-groups, see for instance [3], Lemma 2.4(ii)) it follows
that [Kzz ] < K" for all i € N. In particular 2 centralizes KQV'L*I/KT Q) (K), which is not cyclic.
But L = (2), so this is a contradiction by Lemma 1.8. O

Lemma 2.8. Suppose that G is a 2-group and C' < G. Then G/P is elementary abelian.

Proof. Let bars denote images modulo P. Then C is abelian by Lemma 2.7 and the mapping ¢ € C —
[6,7] € G" is an epimorphism with kernel L = C5(%) (see Lemma 1.8), hence G’ = [C, ] ~ C/PL. Now,
Lemma 2.4(iv) shows that C/PL is cyclic of order 2*, where 22! is the order of Z. Thus G’ ~ Cyx. This
argument applies to all elements of G\ C in place of z, thus showing that they all have order 221 = 2|G’|
modulo P.

If A = 0 then G is abelian and all elements in G ~. C have order 2, hence G is elementary abelian. Then
we may assume that A > 0; we shall derive a contradiction. Since G is not abelian, 7> € L = C5(7) =
Z(G). This holds for every element of G . C in place of z, hence we have g2 € PL for all g € G\ C.
Since C/PL is cyclic it follows that G/PL is dihedral, of order 2**1. Also, L’ < L N P, hence |L'| < 2.
Thus L? < Z(L) = (L N P){x?) (see Lemma 2.4(iii)). If 22 € L? then 72 = I? for some | € L and
(I7'2)? € P. This is false, as [ "' ¢ C and A > 0. Therefore 72 ¢ L? and exp L = 2*. Let ¢ be such that
C = PL{c). Then C' = L'[L,c] < P. But [L,¢,L] = 1, hence 1 = [L?,¢] = [L,¢*" and |C’] < 2*. On
the other hand exp(C/P) = exp(C/Z(C)) = |C’|. Thus expC = 2*. Now ¢* = ¢ 1y for some y € PL,
because G/PL is dihedral. Moreover, G’ = ([¢,z]) has order 2*. Since [¢,z] = ¢~2y and e =1lalsoy
has order 2*. We have L = (z2) x E, where E? = 2, because Z2 has order 2* = exp L and L? < (72).
Hence § = z2'e for some odd integer t and e € E. Then (z¢)? = 7%¢%¢ = mgc lge = z2(t+Ve € C. Now
z¢ has order 2’1 since zc ¢ C. Hence 1 # (z2)?" = (@ 2t41)g)2" " = 82°7 because ¢ + 1 is even. It
follows that A = 1. Then C? = 1 and |G’| = 2. Hence G is a central product of an abelian group and an
extraspecial group. But the elements of order 2 in G generate the elementary abelian group C, hence G
has no dihedral subgroup of order 8; moreover, the product of any two elements of order 4 in G lies in C,
hence it has order at most 2, thus G has no quaternion subgroup of order 8. This is a contradiction,
hence the proof is complete. O

Together with Lemmas 1.3 and 2.6 the previous lemma shows that in the case when P < R our
group G has the structure described under (d) in the Theorem in the introduction. At this point, thanks
to the previous results in this section and to Lemma 1.7 the proof of the necessity part of the Theorem
is complete. The proof of the sufficiency part will be the content of the next section.

3. SUFFICIENCY

In this section we shall complete the proof of our main result by showing that the groups described in
the Theorem are in fact (IC)-groups.

Let G be a group with a (normal) subgroup P ~ €, such that G/P is finite. Consider first the
case when G has the structure described in case (a) or (b) of the Theorem. Then G = PK for some
finite K < G, and P = Z(G). Now K’ = G’ is cyclic and Z(K) = PN K, hence K/Z(K) ~ G/P has
modular subgroup lattice. By the main result of [5], [K/Z(K)] = C(K). Now the argument in the first
paragraph of the proof of Lemma 2.2 shows that G € (IC).

If G satisfies (c) then C = P x F has the structure described under (a), hence C' € (IC) by the
previous paragraph. Moreover P = Z(C) = C¢(C) and it follows from Lemma 1.2 that [C/P] C C(G).
Hence, to prove that G € (IC) we only have to consider the subgroups H containing P but not contained
in C. The nontrivial Sylow subgroups of G/ P have prime order, with the possible exception of the Sylow
g-subgroups, which are cyclic anyway. If follows that if P < H < G but H £ C then H/P contains a
Sylow g-subgroup of G/ P and Hall theory shows that H is intersection of maximal subgroups of G. Thus
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it is enough to show that every maximal subgroup M of G different from C' is a centralizer. To this end
we only have to show that Z(M) £ Z(G): in this case M < C(Cq(M)) < G and so M = C(Ce(M)).
Every such maximal subgroup M has prime index t # g; it is conjugate to a subgroup of the form P{z) K,
where K is a maximal subgroup of F', so we may assume that M = P(z)K for such a K. There exists
exactly one 7 € {1,2,...,n} such that ¢ divides |F;|; then |F; : F; N K| =t and |F; N K| is a prime. Let
(9) =F;NK. Then K = (g) x (F; | i #j € {1,2,...,n}),s0 [g, PK| =1. If i > 1, or also in case (cl),
where [z, F] = 1, we have [g,z] = 1, hence g € Z(M). Since g ¢ Z(G) < P we see that Z(M) £ Z(G)
in these cases. Otherwise, i = 1 and either of (¢2) and (c3) holds; then 7 € Z(M) \ Z(G). Hence, in
any case, Z(M) £ Z(G) and M is a centralizer in G. Therefore G € (IC).

Finally, suppose that (d) holds. By Lemma 1.3 we may assume that G = G;. Then every infinite
subgroup of G is intersection of maximal subgroups, so it will be enough to show that every maximal
subgroup M of G is a centralizer. As above, this amounts to saying that Z(M) £ Z(G). Since P ~ Cox
we have that |G/C| = 2. We may assume that M # C, hence M = K(z) where K is maximal in C
and z € G~ C. Lemma 1.8 shows that C = PL, where L = C¢(x). Since P = Z(C) it follows that
Z(L) = PN L. Moreover L’ < PN L and |P N L| = 2, therefore L is extraspecial. Now K = P(L N K)
and since L is extraspecial |Z(L N K)| > 2,s0 Z(LNK) £ P. But Z(LNK) < Z(M) and Z(G) < P,
hence Z(M) £ Z(G). This shows that G € (IC) also in this latter case. Now the proof of the Theorem
is complete.
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