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Summary

1. Goal of the talk

A structured designing approach to predict performances

2. The choosen problem: matrix-matrix multiply
Decomposition in square blocks

Performance prediction of a sequential software

Performance prediction of a parallel software
(BroadcastMultiplyRolling)

5. The subproblem: blocks multiply
Submatrices: matrix-matrix multiply of a different dimension
= Repeat the steps 1-4
6. Merging the approaches
= Performance prediction of a two level parallel software
7. Conclusions about the method
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Show how to
structurate the software designing approach
to address
the best (requested) performance

Using a mathematical approach as described in

L. D’Amore, G. Laccetti, V. Mele, D. Romano, A. Murli , On a Mathematical
Approach for Analyzing Parallel Algorithms, submitted to CALCOLO - A
Quarterly on Numerical Analysis and Theory of Computation
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The Problem

Matrix-matrix Multiply
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The Problem

*A, B, C are nxn matrices

Matrix-matrix Multiply

o3

NI

We can decompose the problem...

T
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A, B, C are nxn matrices

The Problem -9 sub-blocks of n/3 x /3

dimension
Matrix-matrix Multiply

) ¢ —

RN ] ] |

...partitioning the matrices in
submatrices (blocks)
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Matrix-matrix Multiply
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A, B, C are nxn matrices

g sub-blocks of n/3 xn/3
dimension

Cblock; ; = Ablock; , x Bblock, ; + Ablock; , x Bblock, ; + Ablock; , x Bblock, .

3 matrix-matrix multiply for each
Cblock



The Problem
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Matrix-matrix Multiply
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A, B, C are nxn matrices

g sub-blocks of n/3 xn/3
dimension

Cblock; ; = Ablock; , x Bblock, ; + Ablock; , x Bblock, ; + Ablock; , x Bblock, .

27 sub-problems
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The Problem

So we have the decomposition

D = {matmul% X2 }O§i<(27)

Where the subproblems are independent from each other 9 a time:
-A product for each Cblock can be treated at a time
-For each Cblock,

-the second product need the first solution to add
-The third product need the first and the second solution to add

And we have the dependence matrix

matmul% Xz matmul% Xz matmul% xm matmul% Xz
Mp = |matmuly . » matmuly, » matmuly'yx - matmuly'y
matmul®, . matmult?, » matmul?’, . - matmul3d,, .

L 3 3 3 3 3 3 3 3 4
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The Problem

So we have the decomposition
:
B = {matmul% - Yo<i<(27)

Where the subproblems are independent from each other 9 a time:
-A product for each Cblock can be treated at a time
-For each Cblock,

-the second product need the first solution to add

-The third product need the first and the second solution to add

9 columns
3 TOWS

And we have the dependence matrix

matmul% « 2 matmul ; Xz matmul% xm matmul% Xz
Mp = |matmuly . » matmuly, » matmuly'yx - matmuly'y
matmul®, . matmult?, » matmul?’, . - matmul3d,, .

L 3 3 3 3 3 3 3 3 4
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Th e PI‘O b le m The problem AxB=C has

*Concurrency Degree: 9
So we have the decomposition -Dependency Degree: 3

B = {matmul% X2 }O§i<(27)

Where the subproblems are independent from each other 9 a time:
-A product for each Cblock can be treated at a time

-For each Cblock,
-the second product need the first solution to add
-The third product need the first and the second solution to add

And we have the dependence matrix

‘matmul’, n matmul o matmul® ., » -+ matmul, ,,,
9‘3 3 ‘3 ‘3 3 ‘3
Mp = |matmul’y , » matmul o matmuly! 53 o matmul i’ n
3 3 3 ‘3 3
matmuli®, » matmull? D matmul?’,, - matmul?’, »
L T 23 3 ‘3 ‘3 3




V.Mele = PPAM 2015 - Workshop on Models,
Algorithms and Methodologies for Hybrid
Parallelism in New HPC Systems

The Algorithm (sequential)

MACHINE M, ,

*One processing unit

the processing unit is able to perform the (sequential) matrix-matrix multiply operator &

*2 memory levels,

*between the levels we can transfer a n/3 x n/3 block in time tblock ,,,, with the rmem,; (reading) or wmem;
(writing) operators,

for each execution we need a reading (before the execution) and a writing (after the execution)

We build the algorithm ALG, ,,, , containing 27 of this operators to execute one
after another, and we have the execution matrix E, ,, ,

Epmii=| - I, =27 TOWS
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The Algorithm (sequential)

MACHINE M, ,
*One processing unit

the processing unit is able to perform the (sequential) matrix-matrix multiply operator &

*2 memory levels,

*between the levels we can transfer a n/3 x n/3 block in time tblock ,,,, with the rmem,; (reading) or wmem;
(writing) operators,

for each execution we need a reading (before the execution) and a writing (after the execution)

We build the algorithm ALG, ,,, , containing 27 of this operators to execute one
after another, and we have the execution matrix E;, ,;, , and the memory
matrix MEM,, . ,

- . [ rmemo(-) ]
®o wmemo ()
X1 rmemy (-)
— = wmeml( ) _
Ep p1.= I'g; =27 TOWS MEMp, », ;= . I'yiEva =52 FOWS
rmemsaoe
_®26_ | wmemag |
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The Algorithm (sequential)

MACHINE M, ,

*One processing unit

the processing unit is able to perform the (sequential) matrix-matrix multiply operator &®
*2 memory levels,

*between the levels we can transfer a n/3 x n/3 block in time tblock_,
(writing) operators,

for each execution we need a reading (before the execution) and a writing (after the execution)

em> With the rmem;, (reading) or wmem,

We build the algorithm ALGy, ,, , containing 27 of this operators to execute one
after another, and we have the execution matrix Ej ,;, , and the memory
matrix MEM, ,,, ,

Ep WS
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The Algorithm (sequential)

MACHINE M, ,

*One processing unit

the processing unit is able to perform the (sequential) matrix-matrix multiply operator &

*2 memory levels,

*between the levels we can transfer a n/3 x n/3 block in time tblock ,,,, with the rmem,; (reading) or wmem;
(writing) operators,

for each execution we need a reading (before the execution) and a writing (after the execution)

The execution time of ALG,,,, , will be _
S Complexity of the

T(ALGD,Ml’l) =rgy= 1, = 26 C(@) . tfl()ps operator

(number of operations)

= = [ rmemo(-) ]

®o wmemo ()

X1 rmemy (-)

wmem —
Epai=| I'g; =27 TOWS MEMp, », ;= 1( ) I'yiEva =52 FOWS

rmemsoe

_®26_ | wmemag |
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The Algorithm (sequential)

MACHINE M, ,

*One processing unit

the processing unit is able to perform the (sequential) matrix-matrix multiply operator &

*2 memory levels,

*between the levels we can transfer a n/3 x n/3 block in time tblock ,,,, with the rmem,; (reading) or wmem;
(writing) operators,

for each execution we need a reading (before the execution) and a writing (after the execution)

The memory access time of SW, ,,, , will be

T]\I (SwD,Ml,l) =TMEM1 " tblOCk'me’m = 902 - tbl00k77zmn

» - [ rmemo(-)
X0 wmemg(+)
X1 rmemy (-)
— — __|wmemy (+) _
Epai=| I'g; =27 TOWS MEMp, », ;= _ I'yiEva =52 FOWS
rmemsaoe
_®26_ | wmemag |
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The Algorithm (sequential)

MACHINE M, ,
*One processing unit

the processing unit is able to perform the (sequential) matrix-matrix multiply operator &
*2 memory levels,

*between the levels we can transfer a n/3 x n/3 block in time tblock ,,,, with the rmem,; (reading) or wmem;
(writing) operators,

for each execution we need a reading (before the execution) and a writing (after the execution)

The execution time of SWp, ,,, , will be

T(SwD,Ml,l) = T(ALGD,Ml) -+ TM(SwD,Ml,l)
= 26-C(®) - tflops + 52 - thlockmem
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The Algorithm (parallel)

MACHINE M, ,
*Q processing unit

seach processing unit is able to perform the (sequential) matrix-matrix multiply operator &
*2 memory levels,

*between the levels we can transfer 9 n/3 x n/3 block in time tblock,,,,, with the rmem; (reading) or wmem;
(writing) operators,
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The Algorithm (parallel)

We cannot use more than 9 units without changing decomposition of the

!
MACHINE M, problem, becouse of the concurrency degree!

*Q processing unit
seach processing unit is able to perform the (sequential) matrix-matrix multiply operator &
*2 memory levels,

*between the levels we can transfer 9 n/3 x n/3 block in time tblock,,,,, with the rmem; (reading) or wmem;
(writing) operators,




V.Mele  PPAM 2015 - Workshop on Models,
Algorithms and Methodologies for Hybrid
Parallelism in New HPC Systems

The Algorithm (parallel)

We can imagine a cluster with (at least) 9 nodes

MACHINE M, ,
*Q processing unit

seach processing unit is able to perform the (sequential) matrix-matrix multiply operator &
*2 memory levels,

*between the levels we can transfer 9 n/3 x n/3 block in time tblock,,,,, with the rmem; (reading) or wmem;
(writing) operators,
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The Algorithm (parallel)

MACHINE M, ,
*Q processing unit

seach processing unit is able to perform the (sequential) matrix-matrix multiply operator &
*2 memory levels,

*between the levels we can transfer 9 n/3 x n/3 block in time tblock,,,,, with the rmem; (reading) or wmem;
(writing) operators,

This is, for example, the case of communications among nodes in a cluster, so
now we call it tblock,,, for semplicity
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The Algorithm (parallel)

MACHINE M, ,
*Q processing unit

seach processing unit is able to perform the (sequential) matrix-matrix multiply operator &
*2 memory levels,

between the levels we can transfer 9 n/3 x n/3 block in time tblock,,,,, with the rmem;, (reading) or
wmem; (writing) operators,
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The Algorithm (parallel)

MACHINE M, ,
*Q processing unit

seach processing unit is able to perform the (sequential) matrix-matrix multiply operator &
*2 memory levels,

between the levels we can transfer 9 n/3 x n/3 block in time tblock,,,,, with the rmem;, (reading) or
wmem; (writing) operators,

If transfer is a communication between nodes, “reading” means “receiving” and
“writing” means “sending”, so we call all the operator “transfers”, that is trans;




V.Mele  PPAM 2015 - Workshop on Models,
Algorithms and Methodologies for Hybrid
Parallelism in New HPC Systems

The Algorithm (parallel)

MACHINE M, ,
*Q processing unit

seach processing unit is able to perform the (sequential) matrix-matrix multiply operator &
*2 memory levels,

between the levels we can transfer 9 n/3 x n/3 block in time tblock,,,,,, with the trans; operators
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The Algorithm (parallel)

MACHINE M,

*Q processing unit

seach processing unit is able to perform the (sequential) matrix-matrix multiply operator &

*2 memory levels,

between the levels we can transfer 9 n/3 x n/3 block in time tblock,,, with the trans; operators

We build the algorithm ALGp, ,, , , containing 27 of this operators to execute 9 a

time, and we have the execution matrix Ej ;/, ,

(R0 ®1 ®2 O3 Q4 @5 Q6 Q7 g
Epmoo=| ®9 ®10 Q11 R12 V13 ®14 V15 V16 V17
| W18 ®19 P20 V21 VW22 W23 K24 V25 X26 |
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The Algorithm (parallel)

MACHINE M,

*Q processing unit

seach processing unit is able to perform the (sequential) matrix-matrix multiply operator &

*2 memory levels,

between the levels we can transfer 9 n/3 x n/3 block in time tblock,,, with the trans; operators

We build the algorithm ALG, y, , , containing 27 of this operators to execute 9 a
9

time, and we have the execution matrix Ej
ly parallel: no empty
elements

(R0 ®1 ®2 Q3 ®1 ®5 Qs Q7 Qs |
Eppo.o=| ®9 ®10 ®11 ®12 ®13 ®14 V15 R16 17
| ®18 K19 Q20 Q21 V22 V23 V24 K25 K26 |
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The Algorithm (parallel)

MACHINE M,

*Q processing unit

seach processing unit is able to perform the (sequential) matrix-matrix multiply operator &
*2 memory levels,

between the levels we can transfer 9 n/3 x n/3 block in time tblock,,, with the trans; operators

We build the algorithm ALG, y, , , containing 27 of this operators to execute 9 a
time, and we have the execution matrix Ej, ;. ,

ED,M9,9 X9 @ Thg— 0 LU VD
| ®18 ®19 20 ®21 ®22 ®23 ®24 ®25 ®26
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The Algorithm (parallel)

If we suppose that the execution units are logically distribuited in a 3x3 grid, at the
beginning each unit has a n/3 x n/3 block of each matrix.

AOO BOO ADI BOl AOZ BOZ
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The Algorithm (parallel)

If we suppose that the execution units are logically distribuited in a 3x3 grid, at the
beginning each unit has a n/3 x n/3 block of each matrix.

A possible ALGp y , , with execution matrix Ej ,, , is the well known BMR
(Broadcast Multiply Rolling)

AgoBoo Ao Boy Aoz Bo BMR AlgO?’?:th/mf ALGD.MQ,Q

for p:=1 to 3
(1) nodes on the ith grid diagonal broadcast their A block
to all its grid row
(2) the node i solves matmul(i*p)
(3) if p<3, each node sends its B block to the upper one
on the same column of the grid (rolling)
endfor

(matmul(p*i) is the subproblem matmul’, ix » €D)
3 3
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The Algorithm (parallel)

If we suppose that the execution units are logically distribuited in a 3x3 grid, at the
beginning each unit has a n/3 x n/3 block of each matrix.

A possible ALGp y , , with execution matrix Ej ,, , is the well known BMR
(Broadcast Multiply Rolling)

s G cofip BMR Algorithm ALG p pms

for p:=1 to 3
(1) nodes on the ith grid diagonal broadcast their A block
to all its grid row
(2) the node i solves matmul (i*p)
(3) if p<3, each node sends its B block to the upper one
on the same column of the grid (rolling)
endfor

(matmul(p*i) is the subproblem matmul’, ix » €D)
3 3

Broadcast is a sending and 8 receiving
simultaneously, that is 9 transfers
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The Algorithm (parallel)

If we suppose that the execution units are logically distribuited in a 33 gridS, at the
beginning each unit has a n/3 x n/3 block of each matrix.
A possible ALGp y , , with execution matrix Ej ,, , is the well known BMR

(Broadcast Multiply Rolling)

s G cofip BMR Algorithm ALG p s, o

for p:=1 to 3
(1) nodes on the ith grid diagonal broadcast their A block
to all its grid row
(2) the node i solves matmul(i*p)
(3) if p<3, each node sends its B block to the upper one
on the same column of the grid (rolling)
endfor

(matmul(p*i) is the subproblem matmul’, ix » €D)
3 3

Rolling is 9 simultaneous sending followed by 9
simultaneous receiving that is 9 transfers depending
on other 9 transfers
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The Algorithm (parallel)

If we suppose that the execution units are logically distribuited in a 33 gridS, at the
beginning each unit has a n/3 x n/3 block of each matrix.
A possible ALGp y , , with execution matrix Ej ,, , is the well known BMR

(Broadcast Multiply Rolling)

s G cofip BMR Algorithm ALG p s, o

for b:=1 to 3
(1) nodes on the ith grid diagonal broadcast their A block
to all its grid row
(2) the node i solves matmul(i*p) |
(3) if p<3, each node sends its B block to the upper one
on the same column of the grid (rolling)

endfor

(matmul(p*i) is the subproblem matmul’, ix » €D)
3 3

So, with 9 units so logically distribuited, for each p
in [1,2] we will have 27 block transfers, and other 9
for p=3, that is 27*2+9= 63 total transfer operators
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The Algorithm (parallel)

MACHINE M,
*Q processing unit
seach processing unit is able to perform the (sequential) matrix-matrix multiply operator &
*2 memory levels,

*between the levels we can transfer 9 n/3 x n/3 block in time tblock

com?

with the trans, operators

We implement the BMR in the software SWy, . , , that will have the memory
matrix MEM,, ,;,

9

[ transo(-) transi(-) transs(:) ... transs(:) || broadcast |

transg(-) transio(:) transyi(-) ... transiz(+) rolling send

transis(-) transio(+) transso(-) ... transsg(+) rolling receive
MEMD,M9’9= transay(+) transsg(+) transsg(-) ... transss(+) | | broadcast |

transse(-) transsz () transss(:) ... transs () | _rolling send |

transys(-) transys () transyz(¢) ... transss(-) | [_rolling receive |

| transsa(-) transss(+) transse(-) ... transga(-) | | broadcast |
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The Algorithm (parallel)

MACHINE M,
*Q processing unit
seach processing unit is able to perform the (sequential) matrix-matrix multiply operator &
*2 memory levels,

*between the levels we can transfer 9 n/3 x n/3 block in time tblock

com?

with the trans, operators

We implement the BMR in the software SWy, . , , that will have the memory
matrix MEM,, ,;,

9
[ transo(-) transi(-) transs(:) ... transs(:) ]
transg(-) transio(:) transyi(-) ... transiz(+)
transig(+) transio(-) transso(-) ... transss(+)
MEMD’M9’9= transay(-) transsg(+) transsg(-) ... transss(+)
transse(-) transsy(-) transss(-) ... transy(+)
transys(-) transys () transyz(-) ... transss(+)
| transs4(-) transss(-) transsg(-) ... transea(-) |
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The Algorithm (parallel)

MACHINE M, ,
*Q processing unit

seach processing unit is able to perform the (sequential) matrix-matrix multiply operator &
*2 memory levels,

between the levels we can transfer 9 n/3 x n/3 block in time tblock,,, with the trans; operators

The execution time of ALGp, , , Will be

T(ALGp,mgye) =TE9 - Tr =3-C(®) - tflops
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The Algorithm (parallel)

MACHINE M, ,
*Q processing unit

seach processing unit is able to perform the (sequential) matrix-matrix multiply operator &
*2 memory levels,

between the levels we can transfer 9 n/3 x n/3 block in time tblock,,, with the trans; operators

The execution time of ALGp, , , Will be
T(ALGD’MQ’Q ) = TE9" Tr . 3 . C(®> . tflOpS (numbe(i‘poefr(a)lt)oerrations)

L Complexity of the
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The Algorithm (parallel)

MACHINE M,

*Q processing unit

seach processing unit is able to perform the (sequential) matrix-matrix multiply operator &

*2 memory levels,

between the levels we can transfer 9 n/3 x n/3 block in time tblock,,, with the trans; operators

The execution time of ALGp, , , Will be

T(ALGp Mye) =TE9 - Tr =3 -[C(®) - tflops

operator

Complexity of the
(number of operations)

The memory access time of SWp, , , will be

T]\.[(SwD,Mg,g) = TMEMO9 tblOCkcom, =1 & tblOCkcmn
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The Algorithm (parallel)

MACHINE M, ,
*Q processing unit

seach processing unit is able to perform the (sequential) matrix-matrix multiply operator &
*2 memory levels,

between the levels we can transfer 9 n/3 x n/3 block in time tblock,,, with the trans; operators

The execution time of SWy, . , will be
T(SwD,Mg,g) — T(ALGD,Mg,g) -+ TM(SwD,M9,9)
=3-C(®)-tflops+ 7 - thlock.om
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The Algorithm (parallel)

MACHINE M, ,
*Q processing unit

seach processing unit is able to perform the (sequential) matrix-matrix multiply operator &
*2 memory levels,

between the levels we can transfer 9 n/3 x n/3 block in time tblock,,, with the trans; operators

The execution time of SWy, . , will be
T(SwD,Mg,Q) — T(ALGD,Mg,g) -+ TM(SwD,M9,9)
=3-C(®) - tflops + 7 - thlock .om

The speed up respect to SWp, ,,, , (sequential one) will be

T(SUJD’MLl) B 26 - C(@) ' fflOPS + 02 - tblOCkm,e"m
T(Swp meo)  3-C(Q)-tflops + 7 - thlockeom

SpS’w (SwD,MQ,Q) —
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The Algorithm (parallel)

Could we improve this speed up

without
re-design all the software?

The speed up respect to SWp, ,,, , (sequential one) will be

T(S’U)D,Ml’l) B 26 - C(@) E tfl0p8 + 52 - thlockmem
T(Swp pmeo)  3-C(®)-tflops + T - thlockeom

SPsulSUD,Mss) =
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The Algorithm (parallel)

We can act on the basic operators

on the parallel machine

The speed up respect to SWp, ,,, , (sequential one) will be

T(Swp,mi.)  26-CLA . tflops + 52 - thlockmem
T(Swp meo)  3LC(®) Y flops + T - thlockeom

SPsulSUD,Mss) =
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A, B, C are n/3 x n/3 matrices

The subproblem

Operator & solves itself a matrix-matrix multiply problem, that is we can
decompose it again.

I " B




The subproblem
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A, B, C are n/3 x n/3 matrices

A and C are decomposed in
n/3 vectors

Operator & solves itself a matrix-matrix multiply problem, that is we can

decompose it again.

X

...partitioning

|

subvectors

the matrix A in




V.Mele = PPAM 2015 - Workshop on Models,
Algorithms and Methodologies for Hybrid
Parallelism in New HPC Systems

A, B, C are n/3 x n/3 matrices

The Su bprOblem *A and C are decomposed in

n/3 vectors

Operator & solves itself a matrix-matrix multiply problem, that is we can
decompose it again.

) ¢ —

'Cr[ovvjzjﬂxro[vviiB. o

n/3 vector-matrix products
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The subproblem

So we have the decomposition

' 7
D" = {matvecy , » }o<i<(z2-1)

where the subproblems are all independent from each other
And we have the dependence matrix

—1
mn
X3

... matvec

wl3 w3

Mpr = [matvec% « n matvec
3 3

wjz—

g
X3
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The problem AxB=C has

The subproblem

*Concurrency Degree: n/3

So we have the decomposition Dependency Degree: 1

' )
D" = {matvecy , » }o<i<(z2-1)

where the subproblems are all independent from each other
And we have the dependence matrix

—1
mn
X3

0

nyn ... matvec
3 3

matvec

w|3 w|3

Mp: = [matvec

wjz—

g
X3
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The subAlgorithm (sequential)

MACHINE M,
*One processing unit

the processing unit is able to perform the (sequential) matrix-vector multiply operator X
*2 memory levels,

between the levels we can transfer a n/3 vector in time tvec,,,,, with reading and writing operators,
for each execution step we need n/3+1 reading (before the execution) and a writing (after the execution)
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The subAlgorithm (sequential)

MACHINE M,
*One processing unit

the processing unit is able to perform the (sequential) matrix-vector multiply operator X

*2 memory levels,

between the levels we can transfer a n/3 vector in time tvec,,,,, with reading and writing operators,

for each execution step we need n/3+1 reading (before the execution) and a writing (after the execution)

We build the algorithm ALG, )y, , containing n/3 of this operators to execute one
after another, and we have the execution matrix Ej. ., , with

Iy, py=0N/3 rOws
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*One processing unit
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*2 memory levels,

between the levels we can transfer a n/3 vector in time tvec,,,,, with reading and writing operators,

for each execution step we need n/3+1 reading (before the execution) and a writing (after the execution)
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after another, and we have the execution matrix Ej. ., , with

Iy, py=0N/3 rOws
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The subAlgorithm (sequential)

MACHINE M’ ,

*One processing unit

the processing unit is able to perform the (sequential) matrix-vector multiply operator X

*2 memory levels,

between the levels we can transfer a n/3 vector in time tvec,,,,, with reading and writing operators,

for each execution step we need n/3+1 reading (before the execution) and a writing (after the execution)

We build the algorithm ALG, )y, , containing n/3 of this operators to execute one
after another, and we have the execution matrix Ej. ., , with

Iy, py=0N/3 rOws

The related software SWp,,r, ; ( that we can call X)) will have also a memory
matrix MEMj, ,, , with
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The subAlgorithm (sequential)

MACHINE M’ ,

*One processing unit

the processing unit is able to perform the (sequential) matrix-vector multiply operator X

*2 memory levels,

between the levels we can transfer a n/3 vector in time tvec,,,,, with reading and writing operators,

for each execution step we need n/3+1 reading (before the execution) and a writing (after the execution)

The execution time of &) will be

2-0@) tflop + (g

n
+ 2) '3 ~tvecmem
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The subAlgorithm (sequential)

MACHINE M’ ,

*One processing unit

the processing unit is able to perform the (sequential) matrix-vector multiply operator X

*2 memory levels,

between the levels we can transfer a n/3 vector in time tvec,,,,, with reading and writing operators,

for each execution step we need n/3+1 reading (before the execution) and a writing (after the execution)

The execution time of &) will be

= g JC(X) - tflop + (g + 2) : g - tveCmem

Complexity of the
operator
(number of operations)
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The subAlgorithm (sequential)

MACHINE M’ ,

*One processing unit

the processing unit is able to perform the (sequential) matrix-vector multiply operator X

*2 memory levels,

between the levels we can transfer a n/3 vector in time tvec,,,,, with reading and writing operators,

for each execution step we need n/3+1 reading (before the execution) and a writing (after the execution)

The execution time of &) will be

2
T(®) = % -2 (g) -tflop + (g +2) : g - tveCmem
3 n
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The subAlgorithm (parallel)

This choise is to simulate a cluster node with 8 cores

MACHINE M’ ¢
8 processing unit
eeach processing unit is able to perform the (sequential) matrix-vector multiply operator
*2 memory levels,

between the levels we can transfer 8 n/3 vector in time tvec,,,, with reading and writing operators,
for each execution step we need n/3+1 reading (before the execution) and a writing (after the execution)
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The subAlgorithm (parallel)

MACHINE M’ ¢

8 processing unit

eeach processing unit is able to perform the (sequential) matrix-vector multiply operator

*2 memory levels,

between the levels we can transfer 8 n/3 vector in time tvec,,,, with reading and writing operators,

for each execution step we need n/3+1 reading (before the execution) and a writing (after the execution)

We build the algorithm ALG, 4 ¢ containing n/3 of this operators to execute 8 a
time, and we have the execution matrix Ej,. ., , with
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The subAlgorithm (parallel)

MACHINE M’ ¢

8 processing unit

eeach processing unit is able to perform the (sequential) matrix-vector multiply operator

*2 memory levels,

between the levels we can transfer 8 n/3 vector in time tvec,,,, with reading and writing operators,

for each execution step we need n/3+1 reading (before the execution) and a writing (after the execution)

We build the algorithm ALG, 4 ¢ containing n/3 of this operators to execute 8 a
time, and we have the execution matrix Ej , , with

3 is multiple of 8, the matrix
’t have empty elements, and the

algorithm will be perfectly parallel




V.Mele  PPAM 2015 - Workshop on Models,
Algorithms and Methodologies for Hybrid
Parallelism in New HPC Systems

The subAlgorithm (parallel)

MACHINE M’ ¢

8 processing unit

eeach processing unit is able to perform the (sequential) matrix-vector multiply operator

*2 memory levels,

between the levels we can transfer 8 n/3 vector in time tvec,,,, with reading and writing operators,

for each execution step we need n/3+1 reading (before the execution) and a writing (after the execution)

We build the algorithm ALG, 4 ¢ containing n/3 of this operators to execute 8 a
time, and we have the execution matrix Ej , , with

is multiple of 8, the matrix

t have empty elements, and the
algorithm will be perfectly parallel

The related software SW), -, , ( that we can call X
matrix MEM, ¢ s with

Par) will have also a memory
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The subAlgorithm (parallel)

MACHINE M’ ¢

8 processing unit

eeach processing unit is able to perform the (sequential) matrix-vector multiply operator

*2 memory levels,

between the levels we can transfer 8 n/3 vector in time tvec,,,, with reading and writing operators,

for each execution step we need n/3+1 reading (before the execution) and a writing (after the execution)

The execution time of & . will be

Par
T(®Par) — T(ALGD’,M’S’S) + TM(®PQT‘)

n n n
_ 7 om). (% 49) 2 tveepen
54 C(X) - tflop + 3 + 54 tvec
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The subAlgorithm (parallel)

MACHINE M’ ¢

8 processing unit

eeach processing unit is able to perform the (sequential) matrix-vector multiply operator

*2 memory levels,

between the levels we can transfer 8 n/3 vector in time tvec,,,, with reading and writing operators,

for each execution step we need n/3+1 reading (before the execution) and a writing (after the execution)

The execution time of & . will be

Par
T(®Pa7’) — T(ALGD’,M’S’S) + TM(®PQT‘)

n n n
_ " o). (% 49) 2 tveepen
54 C(X) - tflop + 3 + 54 tvec

Complexity of the
operator
(number of operations)
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The subAlgorithm (parallel)

MACHINE M’ ¢

8 processing unit

eeach processing unit is able to perform the (sequential) matrix-vector multiply operator

*2 memory levels,

between the levels we can transfer 8 n/3 vector in time tvec,,,, with reading and writing operators,

for each execution step we need n/3+1 reading (before the execution) and a writing (after the execution)

The execution time of & . will be

Par

n n\ 2 n n
T(Rpar) = 21 2 - (g) -tflop + (§ -+ 2) 92 -tvecmem
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The subAlgorithm (parallel)

MACHINE M’ ¢

8 processing unit

eeach processing unit is able to perform the (sequential) matrix-vector multiply operator

*2 memory levels,

between the levels we can transfer 8 n/3 vector in time tvec,,,, with reading and writing operators,

for each execution step we need n/3+1 reading (before the execution) and a writing (after the execution)

The speed up respect to X) (that is the sequential one) will be

SpS'w (@PGT‘) — T?—,@()@jjr)

_2-(8)" tflop+ (3 +2) - B tvecmen -
352 (8)" tflop+ (3 +2) - 5 - tvecmen
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elism in New ystem

Two levels of parallelism

What if we implement both the levels of parallelism to solve
the first nxn problem

AxB=C
?
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Two levels of parallelism

The speed up of SWp, ;. , Tespect to SWp,,, , is

T(Swp,m; )  26-C(®)-tflops+ 52 - thlockmem
T(SWp Meo)  3-C(®)-tflops+ T - thlockeom

SpS'w(SwD,MQ.Q) -
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Two levels of parallelism

Sequential mat-mat
. operators
The speed up of SWp, ;. , Tespect to SWp,,, , is

T(Swp,my ) 26 {C(®) - tflops 4 52 - thlockmem
T(Swp meo)  3|C(®)-tflops+ T - thlockeom

SpS'w(SwD,MQ.Q) -
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Two levels of parallelism

operators

Sequential mat-mat ]
The speed up of SWp, ;. , Tespect to SWp,,, , is

g (Sw ) = T(SwD,Ml,l) _ 26 | C(®) - tflops + 52 - thlockmem
Psw D.Mg g T(SZUD,M&E)) 3 C(@) g tflOpS 1 o tblOCkcmn

Calling SW’, ., the software where the operator &) is substituted by &

. Par
the speed up of SW’, ., respect to SWp,,,, , is

T(SwD,MLl

)
Spsu(Sh.m0) = Fgpr )
D, Mg 9

_26- (2-C(X)-tflop+ (2 +2) -2 tvecpmen) + 52 - thlockmem

5 (5 C(E) - tflop + (3 +2) - 25 - t0ecen) + 7 ook
> SpSw(SwD,Mg,Q)
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Two levels of parallelism

operators

Sequential mat-mat ]
The speed up of SWp, ;. , Tespect to SWp,,, , is

g (Sw ) = T(SwD,Ml,l) _ 26 | C(®) - tflops + 52 - thlockmem
Psw D.Mg g T(SZUD,M&E)) 3 C(@) g tflOpS 1 o tblOCkcmn

Calling SW’, ., the software where the operator &) is substituted by &

. Par
the speed up of SW’, ., respect to SWp,,,, , is

T(SwD,MLl

)
Spsu(Sh.m0) = Fgpr )
D, Mg 9

_ 26 - (% -C(X) -tflop + (% + 2) - -tvecmem) + 52 - thlockmem

3 (- C(E) - tflop + (3 +2) - 25 - t0ecmen) + 7 ook
> SpSw(SwD,Mg,Q)
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Two levels of parallelism

Sequential mat-mat ]
. operators
The speed up of SWp, ;. , Tespect to SWp,,, , is
Spsu(Sw - T(Swp,my ) 26 {C(®) - tflops 4 52 - thlockmem
PSwioDMoo) = T (Swp prea)  3|C(®) - tflops + 7 - thlockeom
Calling SW'p,y,, the software where the operator & is substituted by &,
the speed up of SW’, ., respect to SWp,,,, , is
T(S wWp. .M ) Parallel mat-mat
S S / — 3 1,1
pSw( wD,ngg) T(wa,Mg’g) operators
_ 26 - (% -C(X) - tflop + (% + 2) -5 -tvecmem) + 52 - tbloc¢nem

3| (37 C(®)-tflop+ (5 +2) 35

54 ° tvecmem)lﬁ-ﬂ-tbleedcom
> SpS’UJ(SwD,MQ’Q)
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Conclusions

Summarize: What did we do?

1. We started supposing a problem decomposed for a
machine like a cluster, and we choosen a particular
decomposition, that is in 9 submatrices.
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Conclusions

Summarize: What did we do?

2. Using the model and the procedure that the model lead
to,
= we built a sequential algorithm for a machine with 1 processing
unit and then a parallel one for a cluster of 9 nodes, that need
to communicate

We observed easily a speed up that considers both execution and
memory access (communication) time and shows very precisely the
gain (when machine parameters are known)
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Conclusions
Summarize: What did we do?

3. We supposed that the nodes of the cluster have their
own parallel architecture, that is they are multicore,
and focused on the work of a single node: the
subproblem it solves

= we built a sequential algorithm for a machine with 1 processing

unit and then a parallel one for a multicore with 8 cores, that
access the memory concurrently

We observed easily another speed up at this second level
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Conclusions

Summarize: What did we do?

4. We mixed the two design

s we built an algorithm that meet all the <<cluster of
multicore>> possibilities

We observed easily the speed up respect to the completely
sequential one

If you know the parameters that characterize the machine, the resut

is a prediction very closed to reality, and all the bonds and limits are
highlight.
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Conclusions

What can we do?

1. We can substitute in the ratio many combinations of
the modules we explosed, to analyze different gains
with the same machine

2. We can change the dimension of the problem
= we should just change n in the procedure
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Conclusions
What can we do?

3. We can change the starting decomposition

= It will lead just different dependency, execution and memory
matrices with different numbers of rows

4. We can change the machine characteristics

= It will lead just different execution and memory matrices with
different numbers of rows

5. We can analyze other levels of parallelism

= The procedure is recursive: we can build matrices for each

operator involved, to explore the parallelism possibilities and
benefits
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At the end

We are still working on the model to extend it, and explore other details.
We are also developing new applications using this formal point of view that
leads a structured increment of levels of parallelism, with good control of the

performance change.

For now...

THANK YOU FOR YOUR ATTENTION




